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ABSTRACT

This study uses Monte Carlo simulations to provide a comparative analysis of the magnetic hysteresis behaviours of graphene and fullerene C60 nanostructures, focusing on the influence of structural geometry and parameter variations on their magnetic behaviour. The magnetic hysteresis behaviours of graphene and fullerene C60 were compared, focusing on the effects of linear (J) and biquadratic (K) exchange coupling interactions, as well as temperature (T). Fullerene C60, with its 3D spherical structure, exhibits a higher coercive field (HC) than planar 2D graphene. The study demonstrates how adjustments to structural and coupling parameters can fine-tune the magnetic properties of nanostructures, offering valuable insights for applications in nanotechnology and magnetic data storage.
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1. Introduction

Two-dimensional (2D) materials have significantly impacted nanotechnology by providing remarkable physical and chemical properties [1,2 and 3]. These materials, characterised by their high surface-area-to-volume ratios, excellent electronic conductivity, and adjustable magnetic properties, are highly promising for various applications [2,4,5 and 6]. They are particularly useful in developing sensors, flexible electronics, and magnetic data storage devices [7,8]. Among the 2D materials, graphene and fullerene C60 are noteworthy due to their distinct shapes and properties. Graphene is a planar sheet where carbon atoms are interconnected in a honeycomb-like array, while fullerene C60 forms a spherical structure [9,10]. These different geometries lead to unique magnetic and structural characteristics. For example, graphene-based materials have been shown to enhance the performance of magnetic storage systems by increasing durability and reducing friction, which is crucial for creating high-density magnetic media [11,12 and 13]. On the other hand, functionalised fullerene structures have demonstrated potential in incorporating spin-carrying units on graphitic substrates, broadening their use in nanotechnology [14,15 and 16]. The magnetic hysteresis properties of these nanomaterials are particularly critical for their integration into storage devices, as they determine their ability to retain magnetic states under varying external conditions [17,18]. Magnetic hysteresis, characterised by coercive field strength (HC) and magnetic anisotropy, not only reflects intrinsic material stability but also informs practical design choices in data storage systems [19,20]. Recent advances in Monte Carlo simulations have significantly deepened our understanding of magnetic properties and hysteresis behaviour in a variety of nanostructures. Comparative studies of borophene β12, χ3 and striped geometries, have provided valuable insights into the magnetic properties of two-dimensional materials and enriched our understanding of structure-dependent magnetic responses [21]. Further simulations have focused on borospherene and Buckminsterfullerene structures, revealing unique magnetic properties in these novel structures [22]. Comparative study between honeycomb, kagome and triangular nanolattices have revealed the crucial role of lattice symmetry and topology in shaping magnetic and hysteresis behaviour [23]. In addition, research on graphene-like bilayer systems has revealed intriguing compensation temperature and hysteresis phenomena that open up a deeper perspective on layered magnetic materials. Monte Carlo simulations have also helped analyse specific nanostructures such as CrI3 monolayers, hexacene-like frameworks, and perylene-like nanostructures, revealing compensation temperatures, ground state characteristics, and hysteresis properties that are closely related to their molecular design [24,25 and 26]. Hexagonal core–shell nanowires analysed within the Blume–Emery–Griffiths framework have further elucidated the critical and hysteresis behaviour, especially in systems with complex spin interactions [27]. These computational studies highlight the versatility of Monte Carlo methods in the study of nanoscale magnetism. By providing detailed insights into phase transitions, critical phenomena, and structure-dependent behaviour, this research underscores the importance of computational techniques for the development of magnetic materials for next-generation technologies, including spintronics and memory devices.
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To enhance our understanding of these phenomena, this study utilises Monte Carlo simulations grounded in the Blume-Emery-Griffiths model [28,29]. By replacing carbon atoms with spin-1 sites, we examine how structural and coupling parameters – specifically linear (J) and biquadratic (K) exchange interactions – affect the magnetic hysteresis behaviour of graphene and fullerene C60. These simulations enable a systematic exploration of how material properties can be optimised for improved magnetic stability in data storage applications. Notably, the integration of two-dimensional materials as functional supports for magnetic systems has been shown to enhance hysteresis and minimise thermal disruptions, making them suitable for high-density storage technologies [11,14]. By offering a comparative analysis of graphene and fullerene C60, this research bridges the gap between theoretical modelling and practical applications. The results emphasise the significant roles of geometry, coupling interactions, and temperature on magnetic behaviour, underscoring the utility of Monte Carlo methods and the Blume-Emery-Griffiths model in guiding the development of next-generation magnetic storage systems [30,31 and 32]. The paper is structured as follows: Section 2 describes the model and method, Sect. 3 details the Monte Carlo simulation results, and Section 4 provides the concluding insights.



2. Model and method

This study explores the comparative magnetic hysteresis behaviours of graphene and fullerene C60 nanostructures, consisting of NT (graphene) = 54 and NT (fullerene) = 60 atoms, respectively, as shown in Figure 1. Since carbon atoms are intrinsically non-magnetic, a commonly used theoretical approach was adopted to study the magnetic properties of graphene and fullerene: each carbon site was substituted with a spin variable 1, thus allowing the effective magnetic responses to be examined. Such spin representations are widely used in theoretical work on non-magnetic nanostructures to describe collective behaviours and explore possible magnetic analogies [33,34,35,36,37,38 and 39]. Monte Carlo simulations are used to study the magnetic properties of nano-graphene bilayers [33] under longitudinal magnetic fields, while the bilayer graphene systems [34,35] using similar computational approaches. For fullerene structures [36,37], examined mixed-spin configurations in C30, and conducted a comparative study of the magnetic properties between graphene and C60 nanostructures. Further Monte Carlo studies on the magnetic properties of various fullerene nanostructures [38,39] have been reported, demonstrating the wide applicability of this theoretical framework. Moreover, this spin-1 substitution approach, while modelling induced non-magnetic carbon systems, captures the emergent magnetic behaviour observed experimentally in doped graphene (e.g. Fe/N-doped) [40,41] or by defect engineering [42] and in functional fullerenes (e.g. Gd-encapsulated in C60) [43] or radical-adducted fullerenes exhibiting localised magnetic moments [44], where structural modifications or chemical functionalization induce localised magnetic moments. This provides a physical rationale for this widely used theoretical framework allowing the study of magnetic analogies in carbon nanostructures.


[image: A set of two diagrams depicts structures. a. A flat, two-dimensional hexagonal lattice structure. b. A spherical, cage-like arrangement of bonded carbon atoms.]
Figure 1. Graphene (a) and fullerene C60 (b) nanostructures illustrated, with each atom having a spin of 1.

In this study, Monte Carlo simulations were then performed using the Metropolis algorithm in the Blume–Emery–Griffiths model [45,46]. To ensure statistical reliability, each simulation included 106 Monte Carlo steps per rotation, of which the first 105 were discarded to ensure thermal equilibration.

Hamiltonian governing the graphene and fullerene C60 nanostructures:
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The bilinear J and biquadratic K exchange interactions are associated with neighbouring spins Si and Sj in each nanostructure, with the index 〈i, j〉 representing the summation over the nearest neighbours. An external magnetic field H also influences the atoms in both nanostructures.

The energy associated with each individual site:
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Formulas for calculating magnetisation in graphene and fullerene C60:
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In this study, the parameters J, K, H, and T are expressed in reduced and dimensionless units, which is common practice in Monte Carlo simulations of spin systems. This approach allows us to highlight qualitative behaviours without aiming for a material- specific quantitative description. Similar modelling strategies have been adopted in previous theoretical works [47,48,49,50 and 51].



3. Results of Monte Carlo simulations

This part emphasises the comparison of magnetic hysteresis of graphene and fullerene C60 using Monte Carlo simulations, with a particular emphasis on the effects of linear (J) and biquadratic (K) exchange coupling interactions, as well as temperature (T).


Table 1. List of symbols and definitions.


	Symbol
	Definition
	Remarks





	J
	Bilinear exchange interaction
	Controls ferromagnetic/antiferromagnetic alignment



	K
	Biquadratic exchange interaction
	Accounts for higher-order correlations



	H
	External magnetic field
	Applied to spins at each site



	Si
	Spin variable at site i
	Each atom carries a unit spin



	T
	Temperature
	Controls the transition to the paramagnetic phase



	Hc
	Coercive field
	Decreases with T





Table 1 illustrates the list of symbols representing the parameters used in this study and their definitions. Moreover, Figure 2 compares magnetic hysteresis for graphene (a) and fullerene C60 (b) nanostructures, evaluated with parameters J = 1, K = 0 and T = 1. The results indicate that the fullerene C60 nanostructure exhibits a higher HC than the graphene nanostructure when analysed using the same method, identical spin values, and identical parameter settings. This difference in magnetic behaviour, particularly in HC, is attributed to the distinct geometries of the two nanostructures. Indeed, the spherical form of C60 fullerene creates unique angular spin arrangements, enhancing stability in certain magnetic configurations and resulting in a higher HC due to the energy required for spin reorientation. Unlike the planar structure of graphene with uniform 2D spin interactions, the 3D lattice of C60 allows for multiple spin-coupling directions, enhancing magnetic anisotropy and increasing the HC field.

Figure 3 presents the hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying J and fixed parameters K = 0 and T = 1. As J increases, the area of the magnetic hysteresis loop expands considerably in both nanostructures, causing the HC to rise. This increase in HC is more pronounced in the fullerene C60 nanostructure than in graphene. The curvature of fullerene C60 stabilises spin configurations and creates larger resistance to magnetic reversal, resulting in higher HC as J increases. In contrast, graphene’s flat, two-dimensional structure exhibits simpler, more uniform spin interactions, resulting in it being less resistant to magnetisation changes. In fact, fullerene C60 is more rigid than graphene due to its 3D structure, which stabilises spins and increases resistance to magnetic reversal, resulting in a larger increase in HC as J increases. In opposition, the 2D structure of graphene allows for more flexible reorientation of the spins, resulting in a smaller increase in HC.


[image: A multi-line plot compares M against H for graphene and fullerene. Fullerene displays a wider loop with a larger coercive field enclosing the narrower graphene loop.]
Figure 2. Hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with parameters J = 1, K = 0 and T = 1.
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Figure 3. Hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying J and fixed parameters K = 0 and T = 1.

Guided by the same approach, Figure 4 investigates the hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying K and fixed parameters J = 1 and T = 1. As K increases, both nanostructures show a substantial widening of the hysteresis loop, contributing to a higher HC. This increase in HC is more pronounced in the fullerene C60 nanostructure than in graphene, and the influence of K on HC is stronger for both nanostructures compared to that of J. Indeed, the biquadratic parameter K impacts magnetic hysteresis more strongly as it introduces both stronger Figure 4 coupling and further anisotropy, resulting in a higher energy threshold for spin inversion and a higher HC than the linear parameter J.



[image: The image displays hysteresis loops comparing graphene and fullerene C60 nanostructures, specifically analyzing how the biquadratic coupling constant K affects magnetic behavior.]
Figure 4. Hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying K and fixed parameters J = 1 and T = 1.

Figure 5 investigates the hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying T and fixed parameters J = 1 and K = 0. As T increases, both nanostructures show a substantial reduction in the area of the magnetic hysteresis loop, resulting in a decrease in the HC. Additionally, graphene transitions to the paramagnetic phase at T ≥ 1.5, where HC = 0, while fullerene transitions to the paramagnetic phase at T ≥ 2.5. Indeed, as T increases, thermal fluctuations disrupt spin alignment in both graphene and fullerene C60, reducing the area of the magnetic hysteresis loop and lowering the HC. Graphene, with its simpler 2D structure, transitions to a paramagnetic phase where spin alignment is random (giving HC = 0) at a lower temperature (T ≥ 1.5) due to weaker planar spin interactions. In contrast, the 3D spherical structure of fullerene C60 offers greater magnetic stability and requires more thermal energy to reach the paramagnetic phase, occurring at T ≥ 2.5. This structural stability of fullerene delays the reduction of HC, which explains the higher temperature threshold than graphene.



[image: The image shows magnetic hysteresis loops plotted at three different temperatures]
Figure 5. Hysteresis loops for graphene (a) and fullerene C60 (b) nanostructures, evaluated with varying T and fixed parameters J = 1 and K = 0.

Finally, Figure 6 investigates HC for graphene (a) and fullerene C60 (b) nanostructures, evaluated under different conditions with varying parameters. Specifically: (a) K = 0 and T = 1 with varying J; (b) J = 1 and T = 1 with varying K; (c) J = 1 and K = 0 with varying T. All parameter variations significantly affect both nanostructures. Increasing J and K results in an almost linear increase in HC for both types of nanostructures, while decreasing T leads to an exponential decay in HC, which approaches zero when T ≥ 1.5 for graphene and T ≥ 2.5 for fullerene. Particularly, K has a more substantial effect on HC than either J or T.

Increasing J in fullerene and graphene shows a strong positive correlation with H, described by the equations HC = −5.733 + 5.365 × J for fullerene and HC = − 3.711 + 3.005 × J for graphene, allowing for the prediction of HC values based on J. Similarly, increasing K in fullerene and graphene results in a strong positive correlation with HC, given by HC = 1.326 + 7.606 ×K for fullerene and HC = −0.977 + 4.699×K for graphene. Moreover, increasing T in both fullerene and graphene follows an exponential decay model: HC = −0.00863 + 2.29471 × exp ((− T − 0.50093)/0.46169) for fullerene and HC = −0.01051 + 0.80768 × exp ((− T − 0.41039)/0.48589) for graphene, both showing a clear exponential decay of HC as T increases.


[image: A set of three line graphs plots H sub C Graphene and Fullerene. a and b depict linear increase against J and K.(c) displays exponential decay toward zero as T increases.]
Figure 6. HC for graphene (a) and fullerene C60 (b) nanostructures, evaluated under different conditions with varying parameters. Specifically: (a) K = 0 and T = 1 with varying J; (b) J = 1 and T = 1 with varying K; (c) J = 1 and K = 0 with varying T.

Moreover, although no experimental or DFT studies have investigated systems with exactly the geometry and spin configuration examined in our work under the influence of the considered parameters, our Monte Carlo results demonstrate magnetic behaviours – including hysteresis characteristics, especially the HC under different parameters – that show qualitative agreement with established Monte Carlo studies on similar carbon nanostructures. The observed phenomena correspond to the hysteresis of graphene bilayers under longitudinal fields31, finite size effects32,33, as well as to fullerene systems including mixed-spin C3034, comparative studies on C6035, and various Xn nanostructures36,37. This consistency across different carbon architectures (graphene vs. fullerene) and spin models validates both our dimensionless parameterisation approach and the broader applicability of these magnetic analogies in carbon materials, despite the lack of Ab initio parameters specific to our exact system. 

Finally, as a perspective, it should be noted that the effects of magnetic fields on pure or doped graphene have been extensively studied using advanced theoretical models, such as the tight-binding model and the Kubo-Greenwood formula [52,53], which reveal significant changes in the electronic structure, band gap opening, and thermoelectric properties. In parallel, recent advances in the study of fullerenes [54] have highlighted their unique potential among carbon nanomaterials, both for fundamental aspects and practical applications, with a particular focus on their mechanical characteristics [54] and sensing capabilities [55]. 

In this context, our work, based on Monte Carlo simulations, contributes by focusing on the magnetic response and spin-related phenomena in graphene nanostructures. Therefore, it would be highly relevant for future research to integrate these complementary approaches to achieve a more comprehensive understanding that links the electronic and spintronic properties of graphene and its derivatives. 

In the future, these simulations could be extended by including defects, different spin amplitudes, or modulated magnetic fields to assess their influence on hysteresis and HC. These extensions complemented existing studies based on tight-binding and the Kubo– Greenwood formula [52,53], drawing on the electronic and spintronic responses of carbon nanostructures.



4. Conclusions

This study provided a comparative analysis of the magnetic hysteresis properties of graphene and C60 fullerene using Monte Carlo simulations. The 3D spherical geometry of C60 fullerene resulted in a higher coercive field HC and greater thermal stability than planar graphene, due to enhanced magnetic anisotropy and resistance to spin reorientation. The exchange parameters J and K strongly influenced HC, with K having the most marked effect, while increasing the temperature caused an exponential decay of HC, with graphene becoming paramagnetic for T ≥ 1.5 and fullerene for T ≥ 2.5. These differences have allowed to propose guidelines for the design of spintronic and magnetic storage devices: fullerene-based nanostructures have proven to be better suited for applications requiring high coercive field and high thermal stability, while graphene has shown a tunable HC via parameter tuning, allowing to optimise the performance for specific needs. Future work could extend these simulations by including defects, different spin amplitudes or modulated magnetic fields, paving the way for the design of nanostructures with tailored electronic and spintronic properties, by combining the magnetic results of Monte Carlo simulations with electronic models such as tight-binding and Kubo–Greenwood.
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ABSTRACT

This work investigates the magnetic behaviour of a nested C24 fullerene system featuring mixed spins (S = 2 and σ = 5/2) using Monte Carlo simulations based on the Blume-Capel Ising model. The ground state, identified from an analysis of 30 spin configurations, is primarily governed by the competition between the crystal field (d) and the external magnetic field (h). Thermal analyses reveal a stable ferrimagnetic phase characterised by two first-order transitions: a reentrant transition (tr) followed by a paramagnetic transition at the Néel temperature (tN). The presence of field-induced first-order transitions is corroborated by step-like magnetisation hysteresis loops. Increasing the magnitudes of the exchange couplings (|r| and p) enhances both the magnetic rigidity and coercivity of the system. Conversely, the ferrimagnetic order is suppressed either by sufficiently negative crystal fields or elevated temperatures. This study provides detailed insight into the ordering mechanisms and thermal stability of the system, highlighting its potential for novel applications in spintronics.
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1. Introduction

The year 1985 marked the discovery of fullerenes by Kroto, Curl, and Smalley, a finding that turned out to be crucial in the realm of material science. As Smalley recalls in his personal account, this discovery opened the way to ‘an infinite new class of carbon molecules’ 1. Early systematic research, such as the comprehensive review by Dresselhaus et al. 2, established the structural and electronic foundations of these cage molecules, while also identifying the exceptional potential of alkali-metal-doped fullerenes as superconducting materials.

The extremely fast development of the field has permitted to anticipate to Smalley and Yakobson 3, two main axes of development: the incorporation of C60-type cages in organic chemistry and the use of carbon nanotube materials for future electronic and structural applications. Basic characterisation further proceeded with the work of Yadav and Kumar 4, which reviewed detailed information concerning the sp² hybridised structure with icosahedral symmetry of C60, while astrophysical studies by García-Hernández et al. 5 showed that fullerenes naturally exist in interstellar space, including molecules such as C70 and possibly C24.

Theoretical investigations have been pursued further by the DFT study of Chang et al. 6, where a systematic analysis of the geometry versus stability relation of carbon cages between C24 and C70 was performed, confirming the remarkable stability of C60. In parallel, another research field was opened to Monte Carlo simulations on magnetic properties: after pioneering work by Benyoussef et al. on the C24 7, comparative studies on C60 with graphene were performed by Fadil et al. [8,9], then on C36 by Idrissi et al. 10.

Further work on other fullerenes continued to study the properties of C20, C60, and C70 by Aouini et al. 11, while complex systems such as C18 12 and C30 13 received detailed analyses. Sabzevar et al. inspected the effect of structural defects 14, and Kabouchi et al. studied the C60 dimers 15. Finally, in this process of growing system complexity, Wang et al. presented the compensation characteristics and hysteresis loops for large fullerenes 16.

This methodological development was sustained by parallel achievements in the application of the Blume-Capel model, represented by the investigations on multilayer systems [17,18,19,20,21,22,23, and 24]. All of these works have thus provided a sound theoretical framework for investigations into the magnetic properties of carbon nanomaterials. With such a diversity of approaches and systems studied, there is a real need for a unifying study that will enable the systematic comparison of magnetic properties of different fullerene structures. The present work, therefore, seeks to determine structure-magnetic property relationships by applying a consistent Monte Carlo simulation methodology to a representative series of fullerenes, ranging from small cages like C24 [5,7] to more complex systems like C60 [8,9,11,15], while relying on the theoretical framework of the Blume-Capel model [17,18, 19, 20, 21, 22, 23 and 24] for an explanation of the basic mechanism governing the magnetic behaviour of these exceptional materials.

Recent Monte Carlo simulations have modelled magnetic and magnetocaloric effects in nanomaterials. Studies on core-shell NPs, bilayer fullerenes, graphene nanoribbons, and MBene-like systems [25,26,27,28,29,30,31 and 32] modelled dynamic and thermodynamic phenomena. Simultaneously, some compounds have been investigated for magnetic refrigerants: LaCr2Si2C, with the transition temperature Tt = 18.5 K and relative cooling power RCP = 13.03 J/kg at 5 T 33, MnAs and MnBi with the ab initio/Monte Carlo approach [34,35], and Kekulene with expected high magnetocaloric performance 36, as well as the hexagonal nanostructure Dendrimer with an RCP = 115 J/mol at 0.6 T 37.

Moreover, the nested fullerene C24 system consists of two concentric carbon shells with strong interlayer coupling and rich magnetic behaviour. Due to its highly symmetric and spatially confined structure, this fullerene represents an ideal model for studies on spin interaction, reentrant transitions, and temperature effects relevant for nanoscale magnetic and spintronic applications 38.


Contrary to single-cage fullerenes, the nested (core-shell) C24 structure introduces a competition between the intra-layer and inter-layer exchange interactions, which substantially enriches the magnetic behaviour of the system. The mixed-spin core-shell configuration stabilises intermediate magnetic states and gives rise to reentrant phase transitions and multi-step hysteresis loops associated with the layer-selective spin reversal. This nested geometry effectively enhances magnetic rigidity and thermal stability due to increased local coordination and underlines the important role of core-shell and mixed-spin architectures in shaping complex magnetic responses at the nanoscale.

In the present work, it is demonstrated that geometrical topology dominates magnetic behaviour at the nanoscale. We show that radial confinement in nested core-shell nanostructures enhances interlayer connectivity, stabilises ferrimagnetic order at an elevated temperature, and induces controllable metastability manifested as staircase-like hysteresis. The transition from a simple to a nested geometry thus converts a binary magnetic system into a multi-state one, enabling fine nanoscale control of magnetic order with direct implications for multilevel spintronic applications 38.

The paper is organised as follows. Section 2 describes the details of the computational method. Results of the calculated magnetic properties of the studied material are presented and discussed in Section 3. Finally, the main conclusions are given in Section 4.



2. Model and method

We use the Blume-Capel Ising model to study the nested fullerene C24 system, made up of mixed spins S = 2 and σ = 5/2, where free boundary conditions are imposed. It is composed of two atomic sublattices, each one containing 24 atoms (see Figure 1). The mixed high spins S = 2 and σ = 5/2 were taken to model nanostructures containing transition-metal or rare-earth ions with large magnetic moments, as commonly considered in Refs. [39,40 and 41]. Such a choice increases the number of accessible spin states leading to a rich energy spectrum and complex phase behaviour [39,40]. The high-spin configuration strengthens the competition between exchange interactions and crystal-field effects that drives the appearance of intermediate phases and reentrant transitions and also naturally explains the staircase-like hysteresis loops arising due to successive spin-state reversals 41.
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Figure 1. The nested fullerene C24 system made up of mixed spins: S = 2 (green) and σ = 5/2 (red).


Moreover, physical quantities were averaged over 105 Monte Carlo steps per spin after discarding 106 Monte Carlo steps to ensure that the system was in the equilibrium state.

The system’s Hamiltonian, is presented by:
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The spin moment values are as follows, where S and σ are the spins of the two sublattices of the system, 
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 is the sum over nearest neighbours of sites i and j, and the notations notations < i,j〉 represent the initial nearest neighbour association between sites i and j. S can be ±2, 0, or ±1, while σ can be ±5/2, ±3/2, and ±1/2.

The system includes three kinds of exchange interactions: between spins S and σ (JSσ), between identical σ spins (Jσσ), and between identical S spins (JSS). Besides the above coupling terms, there exist an external magnetic field h and a crystal field D to which the spin sites are subjected. The last two terms depend on the parameters Dσ and DS and describe the effects of crystal anisotropy. In the given study, we will assume that the anisotropy is uniform, D = Dσ = DS for simplicity.

The spin moment values are as follows: S can be ±2, 0, and ±1, and σ can be ±5/2, ±3/2, and ±1/2. In this paper, we follow a standard normalisation convention commonly used in statistical physics to simplify the analysis and to enable the generalisation of results. The intra-sublattice exchange energy is set equal to unity, JSS = 1.0, and serves as the reference energy scale. Then all other physical parameters are dimensionless quantities with respect to that scale: the inter-sublattice and secondary exchange couplings are r = JSσ/JSS and p = Jσσ/JSS, respectively; the crystal field anisotropy is d = D/JSS; the external magnetic field is h = H/JSS; while the reduced temperature is t = T/JSS. Such unit-free representation makes the following material much more compact, and our phase diagrams apply universally to a whole class of materials possessing identical interaction ratios.

We will begin by studying the internal energy per site:
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The total and partial susceptibilities are:
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Where T is the absolute temperature, kB = 1 is the Boltzmann’s constant, and β = 1/ (kBT).



3. Results and discussions

This section is organised as follows: The ground-state phase diagrams are shown in Section 3.1 while Section 3.2 describes the magnetic properties.

3.1. Ground state phase diagrams

In this section, we present an analysis of the ground state phase diagrams of nested fullerene C24 system at absolute zero temperature, t = 0.

Figure 2 presents the ground state phase diagrams of the nested fullerene C24 system: (a) in the (r, p) plane for d = 0 and h = 0, (b) in the (d, p) plane for r = −1 and h = 0, (c) in the (p, h) plane for r = −1 and d = 0, and (d) in the (d, h) plane for r = 1 and p = 1. These four diagrams (a-d) map the ground state configurations (at t = 0) of a mixed-spin two- sublattice magnetic system (S, σ) as a function of the inter-sublattice coupling (r = JSσ/JSS), intra-sublattice coupling (p = Jσσ/JSS), crystal field (d = D/JSS), and external magnetic field (h = H/ JSS). The total number of possible spin configurations at the ground state is 30 (S [ {±2, ±1, 0} → 6 values; σ [ {±5/2, ±3/2, ±1/2} → 5 values; thus 6 × 5 = 30). However, only a fraction of these configurations are energetically stable and appear as distinct phases in the diagrams. Figures (a) and (b) illustrate the influence of internal couplings (r and p, or d and p), while Figures (c) and (d) highlight the effect of h and d. The analysis reveals that the intra-sublattice coupling (parameter p) plays a dominant role in determining the spin configurations at h = 0: large positive p values (strong ferromagnetic coupling) stabilise saturated states (±2, ±5/2), whereas negative p values (strong antiferromagnetic coupling) promote intermediate or partially compensated phases such as (±2, ±1/2) to minimise the system energy. The crystal field d, particularly for large negative values (d ≪0), tends to suppress the S spin (S = 0), leading to compensated phases like (0, ±3/2) or (0, ±1/2) along the h = 0 axis. The external magnetic field h exhibits its classical role by polarising the phases towards positive saturation for h ≫0 and negative saturation for h ≪0, thereby simplifying the phase structure at high field intensities. These diagrams illustrate the global picture; the ground state is primarily determined by the opposing contributions d and h, rather than by the exchange couplings. The last point to discuss is that the perfect symmetry observed in Figure (c) and (d) for the cuts along the h = 0 axis results from the invariance of the exchange energy and crystal field under simultaneous inversion of the spins at h = 0.
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Figure 2. Ground state phase diagrams of the nested fullerene C24 system. (a) In the plane (r, p) for d = 0 and h = 0, (b) in the plane (d, p) for r = −1 and h = 0 (c) in the plane (p, h) for r = −1 and d = 0, and (d) in the plane (d, h) for r = −1 and p = 1.

In summary, phase stabilisation is the result of the competition between intra- and inter-sublattice couplings (p, r), the crystal field d, and the external field h. Positive p favours ferrimagnetic saturated states, negative p stabilises partially compensated phases, and strong negative d promotes compensated states with S = 0. Field h polarises the system at high values, whereas the symmetry around h = 0 reflects the invariance of exchange and crystal-field energies. Therefore, ferrimagnetic, compensated, and saturated phases naturally come out of the energetic hierarchy in this mixed-spin core-shell system.

3.2. Magnetic behaviour

In this section, we explain the influence of the physical parameters on magnetisations, susceptibilities, and hysteresis cycles.

Figure 3 illustrates the partial and total magnetisations (MS, Mσ, Mtot) together with the total susceptibility (χtot) versus the reduced temperature (t), for fixed coupling parameters r = −1, p = 1, h = 0, and d = 0. At very low temperatures, the σ sublattice reaches positive saturation (Mσ = + 2.5), while the S sublattice is negatively saturated (MS = −2), confirming a ferrimagnetic ground state induced by the antiferromagnetic inter-sublattice coupling (r = −1). The total magnetisation (Mtot) remains positive (+0.25) due to the dominant contribution of the σ (5/2) compared to S (2). Around tr ≈ 5.28, a sharp discontinuity occurs where MS drops abruptly while Mσ rises rapidly, leading to a local minimum in Mtot. This behaviour indicates a reentrant point (tr), corresponding to a first-order phase transition or a sudden spin reorientation resulting from the competition between exchange and thermal energies. As the temperature further increases, all magnetisations collapse to zero near tN ≈ 6, marking the Neel temperature, where the system loses its ferrimagnetic order and becomes paramagnetic. Additionally, the total susceptibility χtot has two distinct peaks around the re-entrant transition (tr) and the Néel transition (tN), which indicates the first-order nature of the transitions. In the absence of the magnetic field (h = 0) and the crystal field (d = 0), the ferrimagnetic state for the lower-temperature phases is sustained by the rivalry between the intra- (p) and the inter-sublattice (r) exchange interactions. The re-entrant transition around tr ≈5.3 results due to thermal fluctuations that cause the preferential disruption of the magnetic order of the individual sublattices. This results in the partial reconstruction of the ferrimagnetic state and the negative sign of the magnetisation of the sublattices in some regions of the parameter space. This is then followed by the dominance of the thermal disruption in the exchange interactions as the temperature increases to trigger the transition to the paramagnetic state at tN ≈ 6. As seen from Figure 3, the system exhibits a ferrimagnetic ground state followed by two first-order phase transition points due to the competition in the exchange interaction and the role of the temperature.
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Figure 3. M (a) and x (b) of the nested fullerene C24 system for r = −1, p = 1, h = 0 and d = 0.

Figure 4 presents the dependence of the reentrant temperature (tr) and Neel temperature (tN) on the inter-sublattice coupling parameter (r) at p = 1, h = 0, and d = 0. One can see from this figure that the thermal stability of the ferrimagnetic order strongly depends on the magnitude of the antiferromagnetic inter-sublattice exchange coupling (|r|). Both critical temperatures tr and tN monotonically decrease by weakening the coupling strength |r| from r = −1.4 to r = −0.2. Hence, the long-range magnetic order is more stable and persists up to higher temperatures if the antiferromagnetic interaction between the S and σ sublattices is stronger. Moreover, the Neel temperature (tN) is always higher than the reentrant temperature (tr), indicating that the spin reorientation transition at tr systematically precedes the complete loss of magnetic order at tN.
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Figure 4. tr and tN vs. r of the nested fullerene C24 system for p = 1, h = 0 and d = 0.

Figure 5 shows total magnetisation as a function of the reduced crystal field d for low temperature, t = 1.0 of the nested fullerene C24 system under zero magnetic field. In panel (a), the inter-sublattice coupling r changes from −0.2 to −1.0, −1.5, −2.0, and −2.5 by taking p = 1, while in panel (b), intra-sublattice coupling p changes from 0.5, 0.8, 1.0, 1.3 to 1.5 by considering r = −1.0. From this figure, it is observed that crystal field d acts as a magnetic switch that causes first-order phase transitions with sudden jumps in the total magnetisation. With an increase in the strength of exchange couplings, which may be inter-sublattice |r| or intra-sublattice p, magnetic order becomes more rigid. Due to this rigidity, stronger coupling values need large negative crystal fields |d| for the inversion or extinction of spins, shifting therefore, the transition points at lower d. From the above observations, it concludes that magnetisation stability depends not only on anisotropy but also on competition and/or cooperation provided by internal exchange energies within the system.
 
Figure 6 presents the hysteresis cycles of the nested fullerene C24 system for t = 1.0, i.e. the behaviour of the total magnetisation Mtot to the external magnetic field h under the influence of internal parameters r, p, d and temperature t. In panel (a), the coupling parameter r varies from −0.2, −1.0, −1.5 to −2.0 with p = 1, t = 1 and d = 0; in panel (b), p varies from 0.3, 0.5, 1.0 to 1.2 with r = −1, t = 1 and d = 0; in panel (c), d varies from 0.0, −1.0, −1.5 to −2.0 with p = 1, t = 1 and r = −1; and in panel (d), t increases from 1, 3, 5 to 6 with r = −1, p = 1 and d = 0. These hysteresis loops present a staircase-shaped (multi-step) profile, which reflects field-induced first-order phase transitions due to field-induced spin transitions between local states separated by energy barriers that these multi-steps exactly represent. These multi-steps, far from being due only to numerical inaccuracies, actually mark transitions across these energy barriers separating different metastable configurations of spins localised in free energy convergence valleys. Within this triple C24 arrangement, due to the differing spin values (S = 2, σ = 5/2) as well as their environments, these magnetic sub-lattices switch in a layer-by-layer fashion, as shown in panels a and b, where an increased strength of sub-lattice coupling values |r| and intra-lattice coupling value p, respectively, reflects increased potential energy barriers across which spins would have to switch, therefore producing a stiffer magnetic arrangement that requires larger coercive forces to reverse. Additionally, we also see that a strongly negative value of crystal field strength (d< 0, as in panel c) lowers the ferrimagnetic arrangement because a vanishing state (S = 0) becomes more favoured from a free energy consideration, producing a near-reversible hysteresis cycle implying a vanishing coercive force and remanent magnetisation.



[image: Thechart illustrates magnetization versus a parameter in a diamond-decorated magnetic system based on Monte Carlo simulations.]
Figure 5. Mtot vs. d: in (a) for p = 1; in (b) for r = −1 of the nested fullerene C24 system with h = 0 and t = 1.


[image: The image displays magnetic hysteresis loops illustrating the behavior of a magnetic system under varying physical parameters.]
Figure 6. Magnetic hysteresis cycle: In (a) for t = 1, p = 1 and d = 0. In (b), for t = 1, r = −1 and d = 0. In (c) for t = 1, p = 1 and r = −1. In (d) for r = −1, p = 1 and d = 0.


As the temperature t increases (panel d), thermal activation becomes sufficient to cross these barriers in lower fields, resulting in a blurring and elimination of these sharp features at the Néel temperature, tN ≈6, signalling the onset of the thermally disordered paramagnetic state. 

Furthermore, the staircase hysteresis in the nested C24 system is brought about by the discretisation of high spins, such as S = 2 and σ = 5/2, allowing discontinuous transitions between quantised states; sequential switching of its concentric cages due to their distinct spin magnitudes and coordination gives rise to metastable intermediate plateaus; and metastability controlled by energy barriers from the competition of the exchange (r, p) and crystal field (d) interactions. These tunable steps allow multi-level magnetic storage, wherein the plateau widths are directly controlled by the stiffness of exchange and temperature. 

The hysteresis behaviour obtained in this paper is in good agreement with the recent Monte Carlo simulations on the mixed-spin nanostructures, which have also presented similar dynamic magnetic properties and hysteresis loops for the X540@Y540 structure 25, for bilayer fullerene-like structures [26,27], for a ferrimagnetic core-shell nanoparticle 28, for the bilayer graphene nanoribbons 29, for hexagonal core/double-shell nanowires 30, for the core-shell nanoparticles in an oscillating field 31, and for the mixed-spin Ising model with an MBene-like structure 32.

Moreover, though the actual model presented uses generic exchange and crystal field interactions to decouple the geometric factor, the observed magnetic phenomena show natural structural stability. When considered in a more realistic context, the actual variations of such interactions, such as anisotropies, can, as a practical effect, result only in the broadening of the peaks in the susceptibility and a rotation of the magnetisation plateaus. Whereas the basic physical processes, such as the step-by-step switching of the layers, as well as the re-entrance transitions, remain naturally secured through the shell-shaped structure and the high-spin characterisation with (2, 5/2). This suggests that the multi-step ordering and thermal stability properties are highly probable to be maintained in the nanostructured realisation, even in the presence of structural imperfections.



4. Conclusions

Based on the Blume-Capel Ising model, Monte Carlo simulations were performed in order to study the magnetic characteristics of the nested fullerene system C24 comprised  of two sublattices with mixed spins S = 2 and σ = 5/2, respectively. The ground-state phase diagrams analysed for t = 0 showed that due to 30 possible spin configurations, the ground state was determined mainly by competition between the crystal field and the magnetic field, and not due to the exchange couplings. The thermal behaviour exhibited a stable ferrimagnetic phase at low temperature, characterised by two consecutive first-order transitions: a reentrant transition (tr ≈ 5.3) caused by spin reorientation, succeeded by a transition to the paramagnetic phase at the Neel temperature (tN ≈6.0). The hysteresis cycles confirmed the occurrence of field-induced first-order phase transitions (staircase-like loops). The results showed that increasing the exchange couplings (|r|) and (p) enhanced the magnetic rigidity and coercivity, while a strongly negative crystal field (d << 0) or an increase in temperature towards (tN) suppressed the zero-field ferrimagnetic order, leading to the disappearance of the hysteresis and remanence. This work provided a detailed understanding of the ordering mechanisms and thermal stability, and hence the potential of such architectures for applications in spintronic devices.
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ABSTRACT

Motivated by recent advances in the study of magnetisation plateaus and their relevance to nanotechnology applications, this research used Monte Carlo simulations using the Blume-Capel model to explore the phase diagrams and magnetisation behaviour in a CrI3-inspired nanostructure at very low temperatures. Our study reveals that the system exhibits 16 stable configurations symmetrically distributed around the zero magnetic field, which is a characteristic feature of ferrimagnetic systems. Furthermore, the magnetisation plateaus of the CrI3-inspired nanostructure were strongly influenced by the crystal field D, the ferrimagnetic coupling JSσ and the temperature T. These findings enhance our insight into the dynamics of magnetisation of CrI3-inspired nanostructure, with potential applications in spintronics, by aligning with established theoretical models.
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1. Introduction

Due to their distinct physical characteristics and a variety of possible uses, 2D materials have been attracting a lot of attention recently. These applications are especially evident in the domains of electronics [1, 2], spintronics [3, 4] and magnetic storage [5, 6] systems. Additionally, layered magnetic semiconductors like chromium trihalides (CrI3) offer a promising class of van der Waals materials with potential for advancing 2D spintronic technologies. The intrinsic magnetic anisotropy in CrI3 layers supports ferromagnetism at the monolayer level, while the weak antiferromagnetic interaction between the layers results in remarkably high tunnel magnetoresistance [7]. CrI3, being a layered and easily exfoliated semiconductor, displays unique magnetic characteristics, including an unexpected temperature-dependent variation in magnetisation [8]. The regulation and preservation of valley polarisation is essential for valleytronic devices. Ferroelectric polarisation inversion has been proposed to control and stabilise the valley state within a tri-layer heterostructure composed of 2D (HfN2), ferromagnetic (CrI3) and ferroelectric (In2Se3) valleytronic materials. Simulations indicate that polarisation inversion of In2Se3 changes the orientation of the magnetisation axis of CrI3 [9]. The series of 2D materials is expanding, offering new opportunities to explore phenomena and create van der Waals (vdW) heterostructures. Until recently, this family lacked a crucial member: 2D magnets. In the last two years, numerous atomically thin magnetic crystals have been identified. The distinct magnetic properties observed in 2D materials, particularly CrI3, compared to their bulk counterparts, along with the development of van der Waals heterostructures enabled by 2D magnets, provide exciting new opportunities in this rapidly growing field [10]. The study of magnetism in 2D nanostructures [11, 12] is essential for the development of next-generation technologies, particularly in the fields of spintronics [13, 14], data storage [15, 16] and quantum computing [16, 17]. In spintronics, 2D magnetic materials can serve as efficient spin filters [18, 19], transistors or even memory devices [20, 21], since they may retain long-range magnetic order in small dimensions. Additionally, they are perfect for sensors and other electronic applications due to their high surface-to-volume ratio [22], where nanoscale magnetic interactions are essential. Besides, experimental studies have led to a better understanding of the presence of magnetisation plateaus in various materials. For example, in SrCu2(BO3)2 a remarkable series of magnetisation plateaus has been observed and is currently the subject of intensive research [23]. Similarly, in Cu3(CO3)2(OH)2 compound, a 1/3 magnetisation plateau has been clearly detected, with results examined employing exact diagonalization and density matrix renormalisation techniques [24]. On the theoretical front, Monte Carlo simulations using the Blume-Capel model have been applied to study magnetisation plateaus in various nanostructures. For example, zigzag graphene nanoribbons [25] and nano-graphene bilayer [26] structures exhibit multiple magnetisation plateaus due to competition between anisotropies, exchange couplings and external fields. These simulations allow us to better understand complicated magnetic interactions in low-dimensional systems by allowing us to investigate in depth how physical parameters affect magnetisation behaviour. Theoretical research also extends to structures such as the magnetisation plateaus of TbB4 in a frustrated Ising model [27], honeycomb nanorods [28], and decorated hexagonal nanoparticles [29]. In bi-layer graphyne-like structures [30] and nano-graphene with a sandwich-like structure [31], the Monte Carlo approach has proved effective in optimising magnetic properties. These advances offer significant potential for applications in fields such as spintronics and nanotechnology. Moreover, CrI3 structures are thermodynamically stable in 2D form, with ferromagnetic order up to ~45 K [7, 10], but require encapsulation due to sensitivity to humidity and oxidation. Their crystal structure belongs to the P-3m1 space group, featuring a hexagonal lattice with Cr atoms octahedrally coordinated by six I atoms. Exfoliated from bulk (rhombohedral R-3 or monoclinic C2/m), weak vdW forces enable stable monolayers. Challenges like low Curie temperatures and environmental sensitivity must be addressed for room-temperature applications [7, 10], yet CrI3 remains promising for spintronics, valleytronics, and quantum technologies. Besides, motivated by recent studies on magnetisation plateaus and their applications in nanotechnology, this work employs Monte Carlo simulations using the Metropolis algorithm and the Blume-Capel model to investigate the ground-state phase diagrams and magnetisation plateau behaviour in a CrI3-inspired nanostructure. The growing interest in 2D magnetic materials for spintronics, nanotechnology, and quantum computing has highlighted CrI3 as a promising candidate due to its intrinsic magnetic anisotropy, which enables ferromagnetism at the monolayer level. The interplay between exchange interactions, crystal field effects, and thermal fluctuations leads to the formation of discrete magnetisation plateaus, whose stability and tunability are enhanced in nanostructures. Using Monte Carlo simulations, we aim to identify and characterise these plateaus, analyse the effects of key parameters such as crystal field strength D, ferrimagnetic coupling JSσ and temperature T, and compare our findings with existing theoretical studies on 2D systems. Given their relevance in quantum materials and potential applications in high-density data storage, magnetic sensors, and spintronic devices, the results of this study contribute to the broader exploration of tuneable magnetic states in van der Waals 2D materials.

This study is organised as follows: Section 2 summaries the model and method used. Section 3 explores the ground state phase diagrams, while Section 4 delves into the investigation of magnetisation plateaus. Finally, Section 5 concludes the article with a summary of the key findings.



2. Model and method

This study employs simulations based on the Monte Carlo method with the Metropolis algorithm, based on the Blume-Capel model, to explore the ground state phase diagrams at zero temperature (T = 0) and investigate the magnetisation plateau behaviour at very low temperatures (T = 0.01) in a mixed CrI3-inspired nanostructure, consisting of 32 atoms with spin type S (NS = 32), where S = 1, and 8 atoms with spin type σ (Nσ = 8), where σ = 7/2. The Ising Blume-Capel model is used to study discrete magnetisation plateaus, suitable for systems with out-of-plane anisotropy. Instead of replicating experimental or DFT-derived parameters of CrI3, the study introduces artificial magnetism to explore basic magnetic behaviour. This model serves as a theoretical framework for other nanosystems, as seen in references [25,26,27,28,29 and 30]. In addition, to ensure that the system reached thermal equilibrium and eliminate transient effects, 5 × 105 initial Monte Carlo steps were discarded. During this equilibration phase, fluctuations in the system's energy and magnetisation were monitored to confirm stabilisation before proceeding with measurements. Once equilibrium was reached, statistical data collection was carried out over 5 × 106 Monte Carlo steps per spin to ensure accurate averaging and minimise statistical errors. This large number of Monte Carlo steps enables precise determination of thermodynamic quantities, reducing noise and improving the reliability of calculated magnetisation plateaus.

In this study, spins of 1 and 7/2 are artificially introduced to model the magnetic properties of the system. Specifically, spin-1 is assigned to Cr atoms (Si) to model simple magnetic interactions (±1 or 0), while spin-7/2 is assigned to neighbouring atoms (σj) to represent more complex magnetic states (±7/2, ±5/2, ±3/2, ±1/2), thus enabling a richer exploration of the magnetic behaviour, particularly regarding spin configurations and multiple magnetisation plateaus. This approach, using artificial spins, aims to simulate the magnetic behaviour of the nanostructure. Cr and I atoms are assigned spins that can contribute to magnetisation. The primary objective is to study the magnetic properties at the nanometric scale of such a structure. Many non-magnetic structures in the literature replace non-magnetic atoms with magnetic atoms; see, for example, references [25, 26, 31]. Furthermore, in the system studied, we used free boundary conditions. To assess the robustness of our results in relation to the size of the system, we doubled the number of spins while maintaining the same model configuration and boundary conditions, and remaining within the framework of a nanostructure, given the numerical feasibility of the calculations. The results show that the magnetisation plateaus remain qualitatively unchanged, indicating that the observed magnetic characteristics are not significantly affected by system size in the nanoscale regime. Therefore, we focused our study on the number of atoms mentioned in the paper. This reinforces the relevance and validity of our results for finite nanostructures.
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Figure 1. Illustration depicting the CrI3-inspired nanostructure, highlighting the ferrimagnetic interaction among two distinct atom types: S-1 (green) and σ-7/2 (red).

The governing Hamiltonian of the CrI3-inspired nanostructure is outlined below:
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In this context, JσS represents the interaction between two nearest neighbour atoms with spins σ and S, mediated through ferrimagnetic interaction. The external magnetic field is represented by the symbol H. The spin S can assume values of ±1 and 0, while the spin σ can take values of ±7/2, ±5/2, ±3/2, and ±1/2. To simplify the analysis by reducing the number of parameters exhibiting similar behaviour, we unify the crystal fields DS and Dσ which influence spins S and σ, into a single parameter D. The crystal fields DS and Dσ independently influence the spins S and σ, respectively. To simplify the analysis and reduce complexity, we equate both parameters, defining a unified crystal field parameter D such that DS = Dσ = D. This assumption facilitates a more straightforward interpretation of the system's behaviour without compromising generality. JσS is chosen as the characteristic energy scale, serving as a reference for interaction strength and temperature, which may vary depending on the system under study. This is a common practice in theoretical studies. This choice allows all physical quantities to be expressed in dimensionless form, simplifying the analysis and facilitating the generalisation of results to various systems, which may vary depending on the system under study. Such normalisation is standard in Ising model studies, as it enables direct comparisons between different research works and the identification of universal scaling behaviours. See, for example, references [25, 26, 29, 31].

Each site's internal energy is defined as:
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With Ntot = NS + Nσ = 42 atoms.


The calculation of sublattices and total magnetisation is performed as follows:
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3. Ground state phase diagrams

This study focuses on exploring the complex ground-state phase diagrams of a CrI3-inspired nanostructure, incorporating spins σ = 7/2 and S = 1. Using the Hamiltonian defined in Eq. (1), the ground-state energy was calculated by examining the 24 possible spin configurations, determined from the product (2σ + 1) × (2S + 1) = 8 × 3 = 24. This accounts for the different orientations that both spins can assume, considering the discrete states available for each spin type.

In Figure 2, the phase diagram was plotted in the (D, H) plane, where D is the crystal field and H represents the external magnetic field. The phase diagram was generated while fixing the ferrimagnetic coupling constant between σ and S at JσS = −1, which imposes an antiparallel alignment of the spins, reflecting a ferrimagnetic interaction.

The results highlight 16 distinct stable configurations, symmetrically distributed around the H = 0 axis, where the external magnetic field was zero. This symmetry indicates that the system's behaviour is equally stable for positive and negative values of H, a characteristic common in ferrimagnetic systems due to the opposing spin alignment. Furthermore, it is important to note that all stable configurations occur when the crystal field D takes negative values. This suggests that in this system, the crystal field's influence favours specific spin alignments, leading to these stable configurations under negative D.



[image: This phase diagram outlines the stability regions for different ground states of a physical system, characterized by two quantum numbers or state parameters written as within each bounded region.]
Figure 2. Ground state phase diagrams depicting JSσ = -1.



4. Magnetisation Plateaus

This section explores the emergence of magnetisation plateaus as various parameters were adjusted. Figure 3 presents the magnetisation plateaus for (a) sublattices and (b) total magnetisation, calculated at very low temperature T = 0.01, a crystal field value D = −15, and a fixed ferrimagnetic coupling JσS = −1. These conditions allow for a detailed investigation of the magnetisation behaviour, emphasising the unique contributions from both sublattices, MS and Mσ and their combined effect on the total magnetisation, Mtot. The sublattice magnetisation Mσ associated with spin σ = 7/2, reveals eight distinct magnetisation plateaus. These plateaus occur at the following values: Mσ = −7/2, −5/2, −3/2, −1/2, +1/2, +3/2, +5/2, +7/2, corresponding to the possible states of the spin σ. These plateaus reflect the stability of the system as the external magnetic field was varied, showing the quantised steps in magnetisation where the system resists further spin alignment due to the field. On the other hand, the sublattice magnetisation MS associated with spin S = 1, displays three distinct magnetisation plateaus at MS = −1, 0, +1, corresponding to the possible spin orientations of the S = 1 atom. This behaviour demonstrates that the spin S sublattice has fewer possible stable states compared to σ, resulting in fewer plateaus. By summing the contributions from both sublattices, the total magnetisation, Mtot, exhibits eight distinct plateaus. These plateaus were symmetrically distributed across the external magnetic field, with four occurring when H < 0 and four when H > 0, a characteristic of systems with ferrimagnetic ordering. The total magnetisation plateaus occur at Mtot = −1.50, −1.30, −1.10, −0.89, +0.89, +1.10, +1.30 and +1.50. This symmetric distribution of plateaus highlights the balance between the spin sublattices in response to changes in the external magnetic field. Additionally, for H > 0, the system reveals two critical fields (Hc1, Hc2, Hc3) and a saturation field HS. The critical fields correspond to the points where the system undergoes transitions between different magnetisation plateaus, while the saturation field marks the maximum magnetisation, where all spins are aligned with the external field. These critical points and the saturation field are key indicators of the magnetic behaviour of the CrI3-inspired nanostructure and provide insight into the phase transitions of the system.
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Figure 3. Magnetisation plateaus of (a) sublattices and (b) total magnetisation for T = 0.01, D = -15 and JSσ = -1.


Figure 4 illustrates the total magnetisation plateaus at a low temperature of T = 0.01, highlighting two distinct cases: (a) the effect of varying crystal field D while keeping ferrimagnetic coupling constant JSσ = −1, and (b) the effect of varying JSσ while keeping D constant at −15.

As the crystal field D was decreased, it was observed that the critical fields, which represent the transitions between different magnetisation plateaus increase (Figure 4a). This behaviour can be explained by the fact that a stronger (more negative) crystal field stabilises certain spin states, making it harder for the external magnetic field to induce transitions between them. As a result, the nanosystem requires a larger external magnetic field to overcome the energy gap created by the crystal field, leading to an increase in the critical and saturation fields. Additionally, this stabilisation effect extends the width of the magnetisation plateaus, as the nanosystem resists further spin reorientation over a larger range of external magnetic field values.

In Figure 4b, a similar trend was observed when the ferrimagnetic coupling JSσ was decreased. The ferrimagnetic coupling determines the strength of the interaction between the spins σ and S. A weaker coupling (i.e. more negative values of JSσ) reduces the influence of the opposing sublattice spin on each individual spin. As a result, each spin becomes more sensitive to the external magnetic field, leading to an increase in the critical and saturation fields. With weaker coupling, the nanosystem also exhibits larger magnetisation plateaus, as the spins are more loosely coupled and can maintain stable orientations over a wider range of magnetic field values.

In both cases, decreasing D or JSσ leads to an increase in the critical and saturation fields, which reflects the nanosystem's enhanced resistance to changes in magnetisation. This increased stability was reflected in the larger magnetisation plateaus, where the nanosystem remains in a stable magnetisation state over a broader range of H. These findings demonstrate the significant influence of both the crystal field and the ferrimagnetic coupling on the magnetisation dynamics of the CrI3-inspired nanostructure.

Figure 5 shows the behaviour of the critical and saturation fields at T = 0.01, based on the data in Figure 4. The figure shows two scenarios: (a) varying the crystal field D while preserving the ferrimagnetic coupling JSσ = −1, and (b) varying JSσ with D kept at −15. The study shows that increasing the absolute values of |D| and |JSσ| leads to a nearly linear increase in the critical and saturation fields. This behaviour shows that greater crystal fields and ferrimagnetic couplings enhance the energy barriers between different magnetisation states, making it more difficult for the external magnetic field to cause transitions between them.

Moreover, the second critical field Hc2 was more sensitive to changes in |D| and |JSσ| than the first critical field Hc1. Because Hc2 represents a mid-point transition with more spins reoriented, the system becomes more sensitive to these factors. Similarly, Hc3 corresponds to higher-energy transitions and was even more sensitive than Hc2 as the nanosystem nears full spin alignment, where the interactions grow more complex.
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Figure 4. Total magnetisation plateaus at T = 0.01: (a) obtained by varying D while keeping JSσ constant at – 1, (b) by varying JSσ with D held constant at -15.


The saturation field HS, which represents the point at which all spins were completely aligned with the external magnetic field, also shows considerable sensitivity to changes in both |D| and |JSσ|. As these parameters increase, the energy required to fully align the spins also increases, showing further the influence of the crystal field and coupling strength on the magnetic behaviour of the nanosystem.



[image: A set of two multi-line graphs compares H C 1, C 2, C 3, and S versus absolute value of D and J S sigma. All lines rise with different slopes.]
Figure 5. Behaviour of critical and saturation fields at T = 0.01: (a) for varying D with JSσ kept at -1, and (b) for varying JSσ while D is held at -15.
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Figure 6. Total magnetisation plateaus obtained by varying T, while keeping JSσ at -1 and D at -15.


In order to conclude the study of magnetisation plateaus, it is necessary to consider the effect of temperature. Figure 6 depicts total magnetisation plateaus at different temperatures, with JSσ = −1 and D = −15. The findings show that these plateaus emerge only at extremely low temperatures and become more prominent as the temperature approaches zero. This was because, at low temperatures, thermal fluctuations were limited, allowing spins to settle into stable, quantised states that resist further alignment by the external magnetic field.

As the temperature rises, thermal agitation destroys these stable spin configurations, causing plateaus to gradually disappear. Higher temperatures provide enough energy for spins to transition between states, resulting in a more continuous and disordered magnetisation response. Thus, extremely low temperatures were critical for the creation of magnetisation plateaus, but higher temperatures cause them to dissipate due to thermal randomness.

These findings on magnetisation plateau behaviour, observed under the variation of key parameters such as the crystal field strength D, the ferrimagnetic coupling JSσ and temperature T, align closely with the well-established patterns documented in previous studies. The observed plateaus, characterised by discrete and stable magnetisation states, are consistent with theoretical predictions and observations reported in earlier works that study similar systems, including zigzag graphene nanoribbon structures, nano-graphene bilayer structures, the TbB4 system, honeycomb nanostructures, hexagonal decorated nanoparticles, bi-layer graphyne-like structures, and nano-graphene with sandwich-like structures using Monte Carlo simulations [25,26,27,28,29 and 31]. For instance, the influence of the crystal field D on stabilising specific magnetic phases, the role of ferrimagnetic coupling JSσ in modulating interlayer interactions, and the temperature-dependent transitions between plateau states all corroborate findings from prior investigations. This consistency not only validates the reliability of the Monte Carlo simulations employed in this study but also reinforces the broader understanding of magnetisation dynamics in low-dimensional systems. Such alignment with existing literature underscores the robustness of the observed phenomena and highlights the potential of CrI3-inspired nanostructure as a tuneable platform for exploring magnetic states in van der Waals materials, with implications for spintronics, quantum computing, and high-density data storage technologies.




5. Conclusions

Motivated by recent advances in the study of magnetisation plateaus and their relevance to nanotechnology applications, this research successfully employed Monte Carlo simulations using the Metropolis algorithm, with the Blume-Capel model, to explore the phase diagrams and magnetisation behaviour in a CrI3-inspired nanostructure at very low temperatures. Our study reveals that the system exhibits 16 stable configurations, symmetrically distributed around the zero magnetic field, a characteristic of ferrimagnetic systems. The D crystal field plays a crucial role in determining the stability of these configurations, favouring negative values for its contribution. In addition, the study highlights the appearance of magnetisation plateaus for sublattices and total magnetisation, reflecting the quantised steps that emerge when the external magnetic field was varied. The magnetisation behaviour of the CrI3-inspired nanostructure was strongly influenced by crystal field D, ferrimagnetic coupling JSσ and temperature T. Increasing |D| and |JSσ| increases the critical and saturation fields, reflecting higher energy barriers between the magnetisation states. The sensitivity of the system intensifies at higher critical fields as it approaches full spin alignment. Magnetisation plateaus were prominent at very low temperatures, where thermal fluctuations were minimal. As the temperature rises, these plateaus fade due to increased thermal agitation. These results provide a better understanding of the magnetisation behaviour of CrI3-inspired nanostructure, with potential applications in spintronics, in agreement with established theoretical models.
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ABSTRACT

By applying Monte Carlo simulations alongside the Blume-Emery-Griffiths model, this study compares the magnetic behaviour of zigzag graphene and zigzag borophene nanoribbons, focusing on the blocking temperature (TB) under different physical parameters including temperature (T), external magnetic field (H), linear coupling (J) and biquadratic coupling (K). The zigzag borophene nanoribbon shows higher sensitivity to variations in all parameters compared to the zigzag graphene nanoribbon, which is attributed to borophene's more adaptable atomic structure. These findings underscore key elements that can aid in the advancement of nanoscale magnetic devices, particularly for spintronics, magnetic sensors and memory storage systems. Borophene's greater sensitivity to external conditions makes it a promising candidate for tunable magnetic materials, while graphene's stability is advantageous in applications requiring robust performance under varying external conditions.
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1. Introduction

Two-dimensional (2D) materials, defined by their atomic-scale thickness and planar structure, have garnered significant attention in condensed matter physics because of their unique mechanical, electrical and optical properties. Due to their distinctive mechanical, electrical and optical properties. The discovery of graphene in 2004 [1,2] marked a pivotal moment in the exploration of two-dimensional (2D) materials. Since then, researchers have delved into the properties of a multitude of among 2D materials are transition metal dichalcogenides (TMDs) [3,4 and 5], hexagonal boron nitride (h-BN) [6,7] and black phosphorus [8,9]. The distinctive properties of these materials are a consequence of their unique atomic interactions and electronic band structures, which indicate potential applications in a range of fields, including next-generation electronics [10,11], energy storage [12,13] and quantum computing [14]. The discovery of graphene [1], a single-layered material composed of carbon atoms arranged in a hexagonal lattice, represents a pivotal advancement within the scope of research on 2D materials. Due to its exceptional electron mobility [15,16 and 17], high thermal conductivity [18,19,20 and 21] and remarkable mechanical strength [22,23], graphene has the potential as a transformative material across a number of industries, including flexible electronics [24], energy storage [25] and biomedical devices [26,27]. The synthesis of graphene can be achieved through a number of techniques, including chemical vapour deposition (CVD) [28,29 and 30] and mechanical exfoliation [31,32 and 33]. Additionally, borophene [34], a two-dimensional allotrope of boron, has garnered substantial research interest [34] due to its elevated carrier mobility [35], mechanical flexibility [36,37] and ultrahigh thermal conductivity [38,39], which make it comparable to graphene. The synthesis of borophene, achieved through methods such as chemical vapour deposition [40,41] and liquid-phase exfoliation [42,43], has enabled its exploration in areas including energy storage [44] and sensing applications [45]. Furthermore, borophene's high adsorption capacity and moderate binding energy for hydrogen make it a promising material for hydrogen storage [46], with an efficiency that surpasses that of traditional metal hydrides [47]. Among the special structures of two-dimensional materials, zigzag graphene nanoribbons [48] (ZGNRs) and zigzag borophene nanoribbons [49] (ZBNRs) are of particular interest due to their distinctive edge-dependent electronic and magnetic properties. ZGNRs, with their distinctive zigzag edge configuration, display localised edge states, which contribute to a tunable bandgap [50]. They also exhibit temperature-dependent Pauli susceptibility, with Curie-like behaviour at low temperatures, indicating the presence of strong edge effects [51]. This edge configuration can also result in ferromagnetic configuration [52], which makes ZGNRs promising candidates for spintronic [53,54 and 55] and quantum computing [51,56] applications where spin state control is of paramount importance. Similarly, ZBNRs exhibit unique electronic characteristics. In contrast to the semiconductor nature of line edge borophene nanoribbons, zigzag configurations in ZBNRs demonstrate metallic behaviour [57,58]. The structure is highly sensitive to the ribbon width, which results in fluctuations in conductivity and magnetism [59]. Moreover, Borophene nanoribbons can demonstrate half-metallicity and significant spin-dependent transport phenomena [60], including negative differential resistance (NDR) in specific configurations [61]. The fascinating properties of graphene and borophene and their prospective applications in various fields have motivated extensive theoretical research employing the Monte Carlo Simulation method to investigate the properties of these materials. In this context, reports indicate that borophene has a higher blocking temperature (TB) than graphene [62], with TB marking the changeover between the ferrimag-netic/ferromagnetic to the superparamagnetic phases [63,64]. Furthermore, the zigzag graphene nanoribbon was found to display interesting magnetisation plateau behaviours, which were attributed to the edge effects [65]. Furthermore, the Monte Carlo method was employed to examine the phase transitions and magnetic characteristics of zigzag triangular nanographenes [66], as well as the magnetic characteristics of a bi-layer borophene system [67] with RKKY (Ruderman-Kittel-Kasuya-Yoshida) interactions.

In this study, we examined the magnetic behaviours of zigzag graphene and zigzag borophene nanoribbons in this study by performing Monte Carlo simulations with the Metropolis algorithm [68] and the Blume-Emery-Griffiths model [69], a widely studied lattice model in statistical physics, particularly for investigating phase transitions and critical phenomena in magnetic systems. The BEG model, which was introduced in 1971 [69], extends the classical Ising model by incorporating a third spin state.

Moreover, the magnetic properties of 2D materials, particularly density functional theory (DFT). DFT methods are used to explore edge-induced magnetism and strain effects in borophene nanoribbons, while magnetism in graphene nanostructures is studied with a focus on edge states and defects [70,71,72 and 73]. Additionally, recent first-principles studies have investigated vacancy-induced magnetism in β12-borophene nanosheets [74], magnetism enhancement and spin transport in edge-passivated zigzag borophene nanoribbons [75], electronic and magnetic properties of twisted graphene nanoribbons and Mobius strips [76], as well as graphene nanoribbons on Ni(111) substrates [77]. These DFT studies provide a complementary theoretical framework that supports and enriches the understanding of magnetic behaviours explored in our Monte Carlo simulations.

The choice of graphene and borophene is based on their two-dimensional structure and exceptional physical properties. Graphene exhibits high electron mobility and ferromagnetic edge states in zigzag nanoribbons (ZGNRs), making it attractive for spintronic applications. Borophene, on the other hand, offers high thermal conductivity, mechanical flexibility and variable magnetic behaviour depending on its geometry. While graphene is characterised by a flat, highly stable honeycomb structure, borophene exhibits a buckled atomic arrangement, which introduces greater structural flexibility and anisotropy. This buckled nature of borophene plays a crucial role in enhancing its sensitivity to external parameters such as magnetic field, exchange interactions and crystal field. Previous studies have emphasised that this geometric distinction endows borophene with unique electronic and magnetic behaviours not present in its planar counterparts [78,79]. In contrast, graphene's rigidity makes it less responsive but offers robustness desirable for certain applications. By comparing the two, we aim to explore how these structural differences manifest in their magnetic behaviour under various thermodynamic conditions.

Borophene, a two-dimensional allotrope of boron, also exhibits high charge carrier mobility, exceptional mechanical flexibility and excellent thermal conductivity. Borophene zigzag nanoribbons (ZBNRs), in particular, exhibit metallic behaviour and width-dependent magnetic effects, offering a promising platform for spin-dependent transport devices. This additional state was specifically designed to represent multi-component systems and order-disorder transitions. The model permits each spin at a lattice site to assume one of three values. The possible values of the spin variable are +1, 0 and -1. These states account for binary interactions (such as ferromagnetic or antiferromag-netic coupling) and an additional 'zero' state, which can signify the absence of a particle, vacancy, or phase separation in certain physical contexts. Therefore, the BEG model can be successfully applied to describe phase separation and coexistence in liquid mixtures, critical behaviour in magnetic systems, and complex spin arrangements under external fields [80,81]. This approach elucidates the differentiating magnetic characteristics between these two intriguing nanoribbons, focusing on the blocking temperature (TB) under varying physical parameters, including temperature (T), external magnetic field (H), linear coupling (J), and biquadratic coupling (K). These findings underscore key elements that can aid in the advancement of nanoscale magnetic devices, which can be utilised in various applications such as spintronics, data storage devices and high-sensitivity magnetic sensors. The paper is organised as follows: Section 2 describes the model and method, while Section 3 provides the results of the Monte Carlo simulations, and Section 4 offers the concluding remarks.



2. Model and method

The magnetic behaviour of the Zigzag Graphene and Zigzag Borophene nanoribbons, each composed by NT(graphene) = 54 and NT(borophene) = 48 atoms respectively, were compared in this study, as illustrated in Figure 1. The analysis considers atoms with a spin-1 in the context of free boundary conditions. The effective width of nanoribbons is determined by the number of atomic chains in the transverse direction. As shown in Figure 1, the graphene nanoribbon (Figure 1a) has 6 zigzag chains of hexagons, while the borophene nanoribbon (Figure 1b) has 6 rows of atoms in a triangular lattice. This width was chosen to balance physical accuracy and computational cost, ensuring stable simulations and accounting for significant edge effects. Moreover, the investigation applied Monte Carlo simulations governed by the Metropolis algorithm using the Blume-Emery-Griffiths model. Monte Carlo simulations were carried out using the Metropolis algorithm, performing 5 x 106 Monte Carlo steps per spin (MCSS). To ensure system equilibration, the first 5 x 105 steps were ignored (thermalisa-tion). Thermodynamic averages were calculated from the remaining data.

Hamiltonian for Zigzag Graphene and Zigzag Borophene nanoribbons:
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[image: A set of two 2 D lattice structures with spheres. a. Graphene features a honeycomb hexagonal network. b. Borophene displays a closely packed triangular lattice arrangement.]
Figure 1. Illustration of the Zigzag Graphene (a) and Zigzag Borophene (b) nanoribbons. Each atom in both nanoribbons is composed of spin-1 atoms.

In this context, J and K represent the interactions arising from linear and biquadratic exchange between the nearest neighbor atoms in the plane, specifically between atoms Si and Sj with the summation index <i, j>. In addition, both nanoribbons are subjected to an external magnetic field, denoted H, which represents the external magnetic field applied along the longitudinal z-direction.

where Si ∈ {—1,0,+1} represents the spin-1 variable at site i, suitable for describing systems with magnetic and nonmagnetic states. J is the bilinear exchange interaction between nearest-neighbor spins, controlling the ferromagnetic coupling. K is the biquadratic exchange interaction, which captures higher-order spin correlations, <i, j> denotes the sum over nearest-neighbor pairs on the lattice. H is the external magnetic field applied in the longitudinal (z-axis) direction, influencing the net magnetisation along the nanoribbon.

Internal energy at each site:
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Magnetisation and susceptibility expressions for Zigzag Graphene and Zigzag Boro-phene nanoribbons:
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 with the Boltzmann constant kB set to 1 for easiness, and T is used to represent the absolute temperature. We adopt a dimensionless approach by setting the Boltzmann constant to unity, kB =1. This convention is commonly used in numerical studies in statistical physics, particularly in Monte Carlo simulations. Consequently, the temperature T is expressed in reduced (dimensionless) units, meaning it is technically T/kB, but since kB=1, it simply becomes T. Similarly, other quantities such as the magnetic susceptibility χ are also expressed in reduced, unitless form.

In our approach, all parameters are kept constant except one, which is intentionally varied between 1 and 5 to examine its specific influence on magnetic properties, particularly the blocking temperature and spin configuration. This parametric method is commonly used in the literature (see, for example, Refs. [62,63,64,65 and 66]) to isolate and analyse the individual effects of each parameter.




3. Findings from Monte Carlo simulations

This section uses Monte Carlo simulations to analyse and compare the magnetic properties of zigzag graphene and zigzag borophene nanoribbons, focusing on key physical parameters as defined in Hamiltonian Eq. (1). Figure 2 presents the temperature-dependent variations of magnetisation (a) and susceptibility (b) for both types of nanoribbons, considering a linear coupling interaction of J = 1, biquadratic coupling K=0, and an external magnetic field H=1. When analysed individually, the spin-up (Si = +1) and spin-down (Si = -1) states for each configuration. At low temperatures, graphene and borophene nanoribbons exhibit a strong predominance of spin-up states aligned with the external magnetic field, resulting in a total magnetisation close to 1. As the temperature increases, thermal fluctuations gradually favour the emergence of spin-down states, leading to a clear decrease in magnetisation. The results highlight that the magnetic behaviour of zigzag borophene nanoribbons differs from that of graphene nanoribbons. Both nanoribbons show a decrease in magnetisation as the temperature increases, resulting in a phase transition from the ferromagnetic to the superparamagnetic state. This transition is marked by the blocking temperature (TB), where susceptibility peaks. For temperatures below TB, both nanoribbons remain in the ferromagnetic phase, while above TB, they transition into the superparamagnetic phase. Interestingly, the zigzag borophene nanoribbon exhibits a higher blocking temperature than the zigzag graphene nanoribbon, suggesting that graphene is more sensitive to temperature changes. Since both nanoribbons were analysed using the same method, spins, and physical parameters, this difference in behaviour was attributed to their distinct geometries, which influence their magnetic properties. Our analysis shows that borophene nanoribbons exhibit a higher blocking temperature than graphene, indicating better magnetic stability over a wider temperature range. This is due to the particular atomic geometry of borophene, which enhances its magnetic properties. Thus, while both materials are suitable for magnetic studies, borophene offers a more robust magnetic response, making it promising for spintronics and nanoscale magnetic sensing applications.

Figure 3 examines the magnetisation (a, c) and susceptibility (b, d) behaviour with temperature for both zigzag nanoribbons by varying H at J = 1 and K = 0. As H increases, both nanoribbons experience delayed phase transitions, leading to a rise in the blocking temperature TB. This is because H helps maintain order in the nanoribbons, requiring higher temperatures to disrupt this order and transition to the superparamagnetic phase. Accordingly, TB increases as the external magnetic field intensifies. An important observation is that TB was more significantly affected in the borophene structure than in graphene when increasing H. For borophene, TB shifts from 5.77 at H = 1-12.44 at H = 3. In contrast, for graphene, TB increases from 9.77 at H = 1-23.55 at H = 3. This suggests that borophene was more sensitive to changes in H compared to graphene.

Figure 4 explores the behaviour of magnetisation (a, c) and susceptibility (b, d) with temperature for both zigzag nanoribbons, varying J at H = 1 and K = 0. As J increases, both nanoribbons exhibit delayed phase transitions, resulting in a higher blocking temperature (TB) due to the enhanced ordering effect of the linear coupling, which necessitates elevated temperatures to trigger the transition to the superparamagnetic phase. Notably, TB in borophene increases more significantly than in graphene as J rises, indicating that borophene is more sensitive to changes in the linear coupling interaction J. Due to this increased sensitivity, changes in J have a greater impact on the ordered state of boro-phene, which raises the blocking temperature more noticeably. Graphene, on the other hand, is less sensitive to these changes due to its more homogeneous and rigid structure, which produces less noticeable impacts from the same fluctuations in J.


[image: A set of two double-line graphs plots M and X Graphene and M and X Borophene against T. a. Both S-shaped curves fall. b. Curves peak then fall.]
Figure 2. Variations of magnetisation (a) and susceptibility (b) with temperature at J = 1, K=0 and H = 1.
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[image: A set of two triple-line graphs plots M and X sub Borophene for different values of H against T. a. Three S-shaped curves decline. b. Borophene curves peak then decline.]
Figure 3. Variations of magnetisation (a, c) and susceptibility (b, d) with temperature by varying H at J =1 and K = 0.
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Figure 4. Variations of magnetisation (a, c) and susceptibility (b, d) with temperature by varying J at H = 1 and K = 0.

Figure 5 examines the magnetisation (a, c) and susceptibility (b, d) response to temperature for both zigzag nanoribbons, as K was varied while keeping H = 1 and J = 1. As K increases, both nanoribbons experience delayed phase transitions, resulting in a higher blocking temperature (TB) due to the strengthening of the ordering effect caused by the biquadratic coupling. This ordering necessitates elevated temperatures to trigger the transition to the superparamagnetic phase. Particularly, borophene's blocking temperature rises more significantly than graphene's with increasing K, suggesting that boro-phene is more sensitive to changes in the biquadratic coupling interaction. This increased sensitivity means that fluctuations in K have a more pronounced effect on borophene's ordered state, leading to a greater increase in the blocking temperature. In contrast, graphene's more uniform and rigid structure makes it less affected by the same variations in K.

Finally, in Figure 6, the blocking temperature TB for both zigzag nanoribbons were analysed with respect to different parameters: varying H at J = 1 and K = 0 (a); varying J at H = 1 and K = 0 (b); and varying K at H = 1 H=1 and J = 1 (c). Increasing H, J and K results in an almost linear increase in TB for both types of nanoribbons. It was noted that the parameter K has a more substantial effect on TB compared to H and J. Additionally, variations in all parameters affect the zigzag borophene nanoribbon more significantly than the zigzag graphene nanoribbon, due to borophene's more flexible and adaptable atomic structure, which responds more sensitively to changes in external parameters, while graphene's rigid structure dampens these effects. Furthermore, although a direct experimental validation of the results obtained for the studied systems is not available, there is a significant body of theory, notably based on Monte Carlo simulations, exploring the magnetic properties of 2D graphene and 2D borophene, such as those observed in the borophene trilayer structure72, the Ising-ladder graphene nanoribbon73 or the graphene nanoisland bilayer74. These works, which examine the blocking temperatures and transitions under similar parameters, are in agreement with the behaviours observed in our study. In the absence of specific experimental data, these theoretical studies therefore provide an indirect but credible validation of our results. We acknowledge the challenges related to experimental validation, notably the difficulties in observing the fine magnetic properties of nanostructures at the experimental scale. Future research should aim to develop experimental methods to test these predictions and to compare the obtained trends with simulation results to improve the understanding of the magnetic properties of these systems. Moreover, the quasi-linear increase in the blocking temperature TB as a function of the parameters H, J and K for zigzag nanoribbons of graphene and borophene (Figure 6) is in good agreement with several previous works on two-dimensional materials. For instance, Behzad and Chegel [82] showed that the magnetic susceptibility χ(T) increases with temperature in graphene nanoribbons (GNRs) and boron nitride nanoribbons (BNNRs), with a more pronounced susceptibility in GNRs [82], which corresponds to our observation that graphene, due to its rigid structure, responds less strongly to variations in external parameters. Similarly, Chegel [83] highlighted the significant impact of the magnetic field on the thermodynamic properties of doped S-graphene, notably revealing Schottky anomalies and field-dependent peaks in χ(T) [83], which supports our finding that bor-ophene exhibits a more sensitive response due to its more flexible atomic structure. Finally, the study by Chegel et al. [70] on tetragonal silicene shows that electric and magnetic fields strongly influence thermal conductivity through modifications of the electronic structure77, reinforcing the idea that materials with flexible structures, such as borophene, offer better adaptability to external fields compared to graphene. These comparisons underscore borophene's strong potential for applications in field-sensitive magnetic devices.
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Figure 5. Variations of magnetisation (a, c) and susceptibility (b, d) with temperature by varying /Cat H = 1 and J = 1.
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[image: A double-line graph compares T sub B for Graphene and Borophene against K. Both dashed lines rise as K increases, with Borophene maintaining a steeper slope than Graphene.]
Figure 6. Blocking temperature TB variations: with H at J = 1 and K = 0 (a); with J at H = 1 and K = 0 (b); with K at H = 1 and J = 1 (c).



4. Conclusions

Using Monte Carlo simulations Monte Carlo simulations alongside the Blume-Emery-Griffiths model, this research examined the magnetic behaviour of zigzag graphene and zigzag borophene nanoribbons, revealing that both structures exhibited an increase in blocking temperature (TB) as physical parameters including temperature (T), external magnetic field (H), linear coupling (J) and biquadratic coupling (K) increased. Remarkably, the parameter K exerted a more important influence on TB than the other parameters. Additionally, the zigzag borophene nanoribbon displayed a higher sensitivity to variations in all parameters compared to the zigzag graphene nanoribbon, which was attributed to borophene's more adaptable atomic structure. These findings underscored key elements that could aid in the advancement of nanoscale magnetic devices, particularly for spintronics, magnetic sensors and memory storage systems. Borophene's greater sensitivity to external conditions made it a promising candidate for tunable magnetic materials, while graphene's stability was advantageous in applications requiring robust performance in response to changing external factors.
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ABSTRACT

This study investigates the re-entrant magnetic behaviour in a core-shell nanotube structure using Monte Carlo simulations within the framework of the Metropolis algorithm. The system comprises mixed spins, modelled with Blume-Capel interactions under different physical conditions. The temperature dependence of magnetisation and susceptibility is systematically explored by varying the crystal field parameter, exchange couplings and external magnetic field. The results reveal a complex phenomenon of re-entrant magnetisation, where the total magnetisation reverses its sign with temperature changes. For specific values of crystal field and interlayer exchange coupling, the system exhibits multiple sign changes in the sublattice magnetisations and a noticeable compensation point. In addition, the application of a strong external magnetic field suppresses the re-entrant effect due to spin alignment stabilisation. These results highlight the tunability of magnetic properties in core-shell nanostructures, offering potential applications in magnetic storage, spintronics and nanoscale sensors. 
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1. Introduction
 
The study of magnetism in low-dimensional systems has become an important new area of condensed matter physics and nanotechnology because of its significant implications in fundamental research and technological development [1]. Nanostructured materials, such as core-shell nanotubes [2,3,4,5,6,7 and 8], are worth investigating for their interesting magnetic properties arising from quantum confinement, reduced dimensions, and interfacial coupling.

The emerging classes of magnetic nanostructures are observed to exhibit exotic phenomena that are absent in bulk systems that include unusual coercivity, exchange bias and tuneable magnetic phase transitions; thus, they are possible candidates for advanced applications in high-capacity magnetic storage, spintronic devices, magnetocaloric devices, and nanoscale magnetic sensors [9, 10].

System is re-entrant magnetic behaviour, which has been an incredibly interesting and non-intuitive avenue of research. Re-entrant magnetism is characterised by a non-monotonous dependence of magnetisation on temperature [11, 12], often exhibiting a transition from an ordered magnetic state to a disordered or sometimes even a different ordered magnetic state with further cooling, or multiple magnetic phase transitions as a function of temperature. Re-entrant magnetism usually indicates that the magnet obeys competing magnetic interactions, spin frustration, or strong crystal field effects, which can provide interesting insights into the spin Hamiltonian and critical phenomena. The ability to induce, suppress, or control re-entrant transitions provides much potential for new functionalities for: advanced magnetic memories, future spintronic devices, and extremely sensitive nanoscale sensors.

Although magnetic nanostructures are of increasing interest, the re-entrant magnetic phases of mixed-spin core-shell nanotube structures have not yet received systematic attention [13,14 and 15]. The tubular geometry can impose additional constraints and symmetries to the spin ordering, and the inclusion of different spin values in the core and shell (mixed spins) along with crystal field effects is a further complication for the magnetic response [16, 17].

Despite extensive research on mixed spin Ising nanostructures, for core-shell nanowires [18,19 and 20], fullerene-like systems [21,22, 23 and 24], and multilayer [25, 26] or bilayer systems [27,28 and 29], the particular impact of a core-shell structure and a tubular geometry on re- entrant magnetic phenomena has yet to be investigated. As in contrast to the geometries studied earlier, in a nanotube, the hollow cylindrical topology will affect the coordination number at the interfaces, which will further accentuate the effects of curvature and thus lead to a different influence on the interactions at the surfaces, core, and interfaces. Such geometries can lead to differences in the magnetism, which will be unlike what has been observed in nanowires, fullerenes, or planar geometries. On the basis of previous studies where the carbon atoms have been replaced with the same spin values to describe the basic magnetic properties of different nanostructures such as a core-shell nanotube [13], a biphenylene network [30], a C20 fullerene molecule [31], bi-layer graphene nanoribbons [32], a graphene-like monolayer [33], as well as the study of the stacking arrangement and bond dilution effect in a trilayer graphene system [34], the spin configuration σ = 3/2 and S = 1 was used in the study.

The increased value of the spin in the shell promotes sensitivity to the crystal-field interaction, besides having the S = 0 state in the core that favours the occurrence of higher thermal fluctuations with a strong competition among the sublattices. Inclusion of the nanotube structure promotes the formation of more complex re-entrant patterns, compensation points, and reversals of the magnetisation of the sublattices that are not encountered in mixed-spin Ising nanostructures with other geometries.

 Therefore, what is new in this research is that it reveals the joint influence of the spin asymmetry (3/2, 1) and the nanotube core-shell structure on the re-entrant and compensation phenomena, which cannot be established on the basis of existing research on nanowires, fullerenic clusters, or bilayer structures. 

The Monte Carlo simulation is an established and efficient approach to simulate complex magnetic systems, as evidenced in previous mixed-spin Ising systems. For instance, in the mixed-spin Ising model with a three-layer hexagonal lattice and mixed spins (1, 1/2, 1), compensation temperatures were shown to be parameter-dependent, accompanied by two-step hysteresis loop phenomena [25]. Also, rotating double-layer films with mixed spins (1/2, 1) manifested complex Néel temperature phases and hysteresis effects, such as triple-loop behaviour and superparamagnetism [35]. In inverse spinel-like Cu2F5 systems with spin interactions of (1/2, 1), it was evidenced that magnetic compensation is deeply related to thresholds of the exchange coupling and single-ion anisotropy constants [36]. 

In this paper, a comprehensive Monte Carlo analysis is carried out on a mixed-spin (σ = 3/2, S = 1) core-shell nanotube within the Blume-Capel Ising model [37,38,39,40,41,42 and 43]. This approach proved successful in a number of geometrically complex nano-scale systems, such as decorated triangular lattices [37], double fullerenes in core-shell systems [38], carbon-like nanotubes [39], and double-wall cubic metal nanotubes [40]. Rich magnetic phenomena, like hysteresis, compensation phenomena, and magnetisation plateaus, have also been observed in preceding works on core-shell nanowires [41], decorated lattices in high-spin representations [42], and in bilayer mixed-spin models [43]. Based on these established antecedents, in this paper, a critical examination is undertaken on temperature dependencies of total, as well as individual, magnetisations, as well as susceptibility under wide ranges of crystal field, intra- and interlayer interactions, and applied magnetic fields. Evident in these calculations are the re-entrance phenomena in magnetism, sharpness in the compensation points, and high tunability of magnetic states caused by the present asymmetry in spin values and nanotube geometry. 



2. Methodology and method
 
The magnetic properties of a core/shell nanotube composite were investigated using Monte Carlo simulations with free boundary conditions, performed according to the Blume-Capel Ising model. The model includes 128 Ising spins distributed in two concentric nanotubes, with 64 σ-spins in the shell and 64 S-spins in the core (). The S-spins in the core interact with core-site strengths that allow them to take on −1, 0, or +1 values, while σ-spins in the shell interact with shell-site strengths that enable them to take on −3/2, −1/2, +1/2, or +3/2 values. The size (128) represents a finite nanostructure that can effectively account for the effects due to surfaces, interfaces, as well as being computationally efficient. Thermal equilibrium was also obtained in a Monte Carlo step per spin (timesteps), discarding the first 2 × 105 Monte Carlo steps per spin; equilibration was checked using the time evolution of the total energy and total magnetisation. The statistical averages were calculated over 2 × 106 Monte Carlo steps per spin. Monte Carlo simulations were performed using the Metropolis algorithm. For each set of parameters, the system was Figure 1 balanced over 2 × 105 Monte Carlo steps per rotation, then a statistical average was calculated over 2 × 105 − 2 × 106 steps. The simulations were repeated with different random seeds, and all quantities reported are ensemble averages. The approach for testing the obtained results consisted in the method described in Fabian & Leonhardt [44] in combination with Monte Carlo simulations [16].
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Figure 1. Schematic illustration of the core-shell nanotube structure composed of spin-3/2 (σ) atoms in the shell and spin-1 (S) atoms in the core.

The Hamiltonian governing the core–shell nanotube structure is given by the following formula:
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The exchange interactions JC, JS, and JCS correspond to the spin couplings σ-σ, S-S, and σ-S, respectively. The system is influenced by an external magnetic field H and crystal field terms Dσ and DS, representing the anisotropies of a single ion. For simplicity, we assume a uniform crystal field: D = Dσ = DS.

For simplicity, dimensionless (reduced) parameters were employed: jC = JC/JS, jCS = JCS/JS, t = T/JS, h = H/JS and d = D/JS

The internal energy at each site can be expressed as follows:
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The magnetisations and susceptibilities of the carbon bi-nanotube-like composite system are defined as follows:

(3) 
  
    M
    σ
  
  =
  
    1
    
      N
      σ
    
  
  
    ∑
    i
  
  
    σ
    j
  


(4) 
  
    M
    S
  
  =
  
    1
    
      N
      S
    
  
  
    ∑
    j
  
  
    S
    j
  


(5) 
  
    M
    
      t
      o
      t
    
  
  =
  
    
      
        M
        σ
      
      +
      
        M
        S
      
    
    2
  


(6) 
  
    χ
    σ
  
  =
  β
  
    (
    ⟨
    
      M
      σ
      2
    
    ⟩
    −
    
      
        ⟨
        
          M
          σ
        
        ⟩
      
      2
    
    )
  


(7) 
  
    χ
    S
  
  =
  β
  
      ⟨
      
        M
        S
        2
      
      ⟩
      −
      
        
          ⟨
          
            M
            S
          
          ⟩
        
        2
      
    )
  


(8) 
  
    χ
    
      t
      o
      t
    
  
  =
  
    
      
        χ
        σ
      
      +
      
        χ
        S
      
    
    2
  


The parameter β is formulated as 1/kBT, in energy discussions, where kB is Boltzmann’s constant and T is the absolute temperature. 

Moreover, the model parameters are chosen based on physical considerations and explored systematically. Negative values of the crystal field control the stabilisation of the central non-magnetic state S = 0, while variations in exchange couplings probe the competition between center-shell and intra-layer interactions. This approach reveals general behaviours such as re-entry, magnetisation reversal, and compensation induced by spin asymmetry and nanotube geometry. 



3. Magnetic characteristics
 
This section examines the thermal behaviour of magnetisation and susceptibility in the core-shell nanotube using Monte Carlo simulations with the Metropolis algorithm, under varying system parameters. 

Figure 2 illustrates the temperature dependence of the magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j) for fixed values of jS = 1, jCS = −1, h = 0, while varying the crystal field parameter d. 

The competition between the crystal field d, exchange interactions, and thermal fluctuations gives rise to the mentioned sublattice magnetisation reversals and to re-entrant magnetic behaviour. Indeed, when a negative crystal-field value favours the single-ion anisotropy of the core spins towards the nonmagnetic S = 0 state, there is a reduction in their effective magnetic contribution and a weakening of the core-shell coupling. This imbalance can trigger, for appropriate strength or sign of the interfacial exchange interaction, a reorientation of the sublattice magnetisations and induce sign changes in the core or shell magnetisation. Increasing temperature leads to a progressive reshaping of the effective free-energy landscape due to thermal fluctuations, which destabilises low-temperature ordered states and allows competing magnetic configurations to turn favourable with the subsequent emergence of re-entrant magnetic sequences. 

Specifically, for d = −1 (Figure 2a,b), very low temperatures give sublattice magnetisations of Mσ = +3/2 and MS = +1, leading to Mtot = 1.25 calculated using , with Equation 5 a transition temperature (t) of around 4.83, as indicated by the total susceptibility peak; for this configuration, re-entrant magnetisation behaviour is observed only for spin S.
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Figure 2. Temperature variation of magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j), for: jS = 1, jCS = −1, h = 0.

For d = −2 (Figure 2c,d), similarly low temperatures give Mσ = +3/2 and MS = +1, leading to Mtot = 1.25, and a tr of around 4.33, marked by the total susceptibility peak; here, the re-entrant magnetisation phenomenon is evident as the S spin changes sign twice before cancelling, while the σ spin undergoes a single sign change before fading.

 Conversely, for d = −3 (Figure 2e,f), at very low temperature, Mσ = +1/2 and MS = +0.95, giving Mtot = 0.73, with a tr of around 3.66 identified by the susceptibility peak; in this case, the re-entrant magnetisation phenomenon is observed for spin σ with two sign changes before cancelling out, while spin S undergoes one sign change before becoming zero. 

For d = −4 (Figure 2g,h), at very low temperature, Mσ = 0 and MS = +0.51, leading to Mtot = 0.25, and a tr of around 1.11, indicated by the susceptibility peak; while no sign change is observed for the partial magnetisations of the σ or S spins, the S spin exhibits a jump without sign change, which nevertheless influences the total magnetisation, showing re-entrant behaviour. 

Finally, for d = −5 (Figure 2i,j), very low temperatures give Mσ = 0 and MS = +0.51, with Mtot = 0.25, and a tr of around 0.55 of the susceptibility peaks; as for d = −4, the re-entrant magnetisation phenomenon is not characterised by sign changes in the partial magnetisations, but a jump in the spin S value affects the total magnetisation, indicating re-entrant behaviour. 

Figure 3 illustrates the temperature dependence of the magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j) for fixed values of jS = 1, d = −2, h = 0, while varying the exchange coupling between the core and the shell parts jCS. 

For jCS = −1 (Figure 3a,b), at very low temperatures, the sub-lattice magnetisations are Mσ = +3/2 and MS = +1, giving a total magnetisation Mtot = 1.25, with a transition temperature tr ≈4.33, indicated by the susceptibility peak. For jCS = −2 (c,d), Mσ = Figure 3 +0.75 and MS = −0.50, giving Mtot = 0.12, with tr ≈4.5. For jCS = −3 (Figure 3f), Mσ = 3/2 and MS = +1, giving Mtot = −0.25, with tr ≈ 5.0. For jCS = −4 (Figure 3g/h), the values are Mσ = +3/2, MS = −1, and Mtot = 0.25, with tr ≈6.38.
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Figure 3. Temperature variation of magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j), for: jS = 1, d = −2, h = 0.

Finally, at jCS = −5 (Figure 3i,j), the magnetisations are Mσ = −1.32 and MS = +0.87, hence Mtot = −0.22, and tr≈5.83.

Re-entrant magnetisation is only observed for jCS = −1, characterised by a temperature-induced change in sign of total magnetisation. For jCS = −2, −3, and −5, multiple thermal fluctuations appear near the transition temperature, highlighting competition between exchange interactions and thermal agitation.

Figure 4 illustrates the temperature dependence of the magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j) for fixed values of jCS = −1, d = −2, h = 0, while varying the exchange coupling in the shell part jS.

For jS = 1 (Figure 4a,b), at very low temperatures, the sub-lattice magnetisations are Mσ = +3/2 and MS = +1, giving a total magnetisation Mtot = 1.25, with a transition temperature tr ≈4.33, as indicated by the susceptibility peak. For jS = 2 (Figure 4c,d), the same magnetisation values are observed, with tr ≈5.5. Similarly, for jS = 3 (Figure 4e,f), jS = 4 (Figure 4g,h), and jS = 5 (Figure 4i,j), the magnetisations remain Mσ = +3/2, MS = +1, and Mtot = 1.25, while the transition temperature (tr) increases to around 7.0, 9.44, and 10.55, respectively. This steady increase in tr with increasing jS highlights the enhancement of magnetic order due to improved intra-nucleus coupling.

Re-entrant magnetisation is observed for all jS values, characterised by a temperature- induced sign change in total magnetisation. For jS = 3, 4 and 5, an additional phenomenon appears as temperature increases, namely the appearance of a compensation temperature after the re-entrant magnetisation behaviour.

Finally, Figure 5 illustrates the temperature dependence of the magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j) for fixed values of d = −2, jCS = −1, jS = 1, while varying the external magnetic field parameter h.



[image: This figure displays Monte Carlo simulation results for magnetization (M) and susceptibility (χ) in nanostructures, specifically analyzing sublattice and total magnetic behaviors.]
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Figure 4. Temperature variation of magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j), for: d = −2, jCS = −1, h = 0.

For ℎ = 1 (Figure 5a,b), at very low temperatures, the sub-lattice magnetisations are M σ = +3/2 and MS = +1, giving a total magnetisation Mtot = 1.25, with a transition temperature tr ≈4.5, as indicated by the susceptibility peak. For ℎ = 2 (Figure 5c,d), Mσ = +3/2 and MS = +1, giving Mtot = 1.25, with tr≈5.5. Similarly, for ℎ = 3 (Figure 5e,f), the values remain Mσ = +3/2, MS = + 1, and Mtot = 1.25, with tr≈ 6.83. For ℎ = 4 (Figure 5g,h), the same magnetisation values are observed, with a higher transition temperature of tr ≈8.05. Finally, for ℎ = 5 (Figure 5i,j), Mσ = +3/2, MS = +1, and Mtot = 1.25, with tr≈10.

Re-entrant magnetisation is only observed for external magnetic field h = 1, particularly in the magnetisation of S atoms, and is characterised by a temperature-induced change in sign of the total magnetisation. For h > 2, the re-entrant magnetisation disappears. The disappearance of re-entrant magnetisation at high ℎ is due to the field-induced stabilisation of spin alignment, which prevents the system from undergoing spin reorientations that would normally cause re-entrance. 

Moreover, our paper takes a theoretical and numerical predictive approach. However, the correctness of the chosen approach is justified by a number of existing studies that have all successfully applied the described Monte Carlo simulation method based on the Blume-Capel model to similar nanostructures with mixed spins [23, 26, 27, 31, 41, 45]. These studies, concerning fullerenes [23, 31, 38], graphenes [27,28 and 29, 32, 33], nanotubes [39, 40], as well as other core/shell systems [38, 41, 43], have all provided relevant data related to the main researched features like phase transition points, compensation effects, as well as effects caused by various parameters such as exchange constants, crystal fields, and external magnetic fields. 

Finally, displays the evolution of transition temperature tr versus crystal field ∣d∣ (a), core-shell exchange coupling ∣ jCS ∣ (b), shell exchange coupling jS (c), and external magnetic field h (d). It follows from the performed analysis that tr is determined by the interplay between mechanisms, which stabilise magnetic orders and thermal fluctuations. The growth in the absolute value of the crystal field ∣d∣ leads to an almost linear decrease in tr, being this mechanism favours lower spin Figure 6 states and deteriorates ferrimagnetic stability. In turn, the rise in the absolute values of the exchange couplings ∣ jCS ∣ and jS amplifies magnetic correlations, giving rise to an enhanced tr, up to the point where saturation phenomenon occurs. The core-shell coupling exhibits a non-monotonic behaviour, with the optimal value occurring for ∣ jCS ∣ = 4. Within this regime, the interfacial interaction strongly correlates core and shell spins, hence yielding maximum ferrimagnetic coherence. For large ∣jCS∣, the presence of antiferromagnetic coupling becomes excessively dominant, enhancing frustration at the interfacial region and making the spin sublattices stiffer against collective responses to thermal excitation. At last, the presence of external magnetic fields h enhances spin alignment and contributes to a linear rise in the value of transition temperature.
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Figure 5. Temperature variation of magnetisations (a, c, e, g, i) and corresponding susceptibilities (b, d, f, h, j), for: d = −2, jCS = −1, jS = 1.
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Figure 6. Transition temperature tr as a function of parameters: crystal field | d | (a), core-shell coupling | jCS | (b), shell coupling jS (c), and external field h (d).



4. Conclusions
 
In this work, we carried out a detailed Monte Carlo analysis of the magnetic properties of mixed-spin core-shell nanotube structures. The study focused on the impact of crystal field d variations, exchange interactions (jCS, jS) and external magnetic field h on thermal magnetisation and susceptibility. Simulations demonstrate the appearance of re-entrant magnetisation under specific conditions, in particular for weak interlayer coupling and low magnetic fields. An increase in ∣ d ∣ linearly suppresses tr by favouring lower spin states and weakening ferrimagnetic order. Conversely, stronger exchange couplings (∣jCS∣ and jS) enhance magnetic stability and raise tr up to a saturation limit. Notably, ∣ jCS∣ shows a non-monotonic trend, peaking at ∣ jCS ∣ = 4, where core-shell correlation is optimal. Larger values introduce excessive antiferromagnetic frustration and spin rigidity, lowering tr. Lastly, an external field h aligns spins and linearly increases tr by supporting magnetic order against thermal fluctuations. In addition, for higher values of shell coupling, a compensation temperature appears after the re-entrant behaviour. The application of a strong external magnetic field aligns the spins and suppresses the re-entrant phenomenon. Overall, this work provides insight into the magnetic tunability of core-shell nanotubes, which could guide the development of advanced magnetic devices and nanotechnology applications.
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