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Crystal plasticity modelling of time-dependent strain 
accumulation of stainless steel at room temperature
Sadik Sefa Acar and Tuncay Yalçinkaya 

Department of Aerospace Engineering, Middle East Technical University, Ankara, Turkiye

ABSTRACT  
The mechanical integrity of structural materials under cyclic loading 
conditions is vital for various industries. 304L stainless steel parts 
often undergo cyclic loading and stress hold periods resulting in 
time-dependent strain accumulation. In this work, effects of mean 
stress and stress hold periods on strain ratcheting are examined 
using crystal plasticity modelling. A representative volume 
element (RVE) consisting of 200 grains is subjected to various 
loadings in the DAMASK framework, employing an isotropic- 
kinematic hardening model. Simulations are performed under 
three types of stress-controlled loading conditions: low-cycle 
fatigue (LCF), creep-fatigue interaction (CFI) with cyclic stress 
holds, and fatigue after long hold (FLH). Cyclic loadings ranged 
from symmetric to non-symmetric loading with high mean stress. 
The model is validated through comparison with experimental 
ratcheting data. For LCF loading, high mean stresses lead to 
pronounced ratcheting, while symmetric loading results in 
significant hardening in the early stages of cyclic loading. Cyclic 
hold periods in CFI loading amplify strain accumulation by 
enabling sustained slip activity during hold phases. Long hold 
periods of FLH loading induce significant strain accumulation 
which continues to increase with extended hold duration but 
saturates during following cyclic loading. Quantitative and 
qualitative comparisons with relevant experimental data 
demonstrate that the simulations effectively capture ratcheting 
trends under various loading conditions.
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1. Introduction

Structural materials used in many industrial fields are subjected to cyclic loadings. 
Throughout their service life, the cyclic loading leads to the accumulation of the 
plastic strain. The increase in plastic strain under stress-controlled cyclic loading is 
termed as strain ratcheting, and it is an important area of research due to the significance 
it possesses for the design and reliability of engineering applications [1]. In addition to 
the cyclic loading, materials in critical applications such as nuclear power plants and 
gas-turbine engines usually undergo hold periods occuring at the peak of each cycle. 
For a nuclear power plant, the structure can be assumed to be under hold condition 

© 2025 Informa UK Limited, trading as Taylor & Francis Group 

CONTACT  Tuncay Yalçinkaya yalcinka@metu.edu.tr Department of Aerospace Engineering, Middle East 
Technical University, Ankara 06800, Turkiye

PHILOSOPHICAL MAGAZINE 
2026, VOL. 106, NO. 1, 1–21 
https://doi.org/10.1080/14786435.2025.2536601

http://crossmark.crossref.org/dialog/?doi=10.1080/14786435.2025.2536601&domain=pdf&date_stamp=2025-12-20
http://orcid.org/https://orcid.org/0009-0003-1854-4823
http://orcid.org/0000-0002-7982-1105
mailto:yalcinka@metu.edu.tr
http://www.tandfonline.com


between periodic shutdown-startups for scheduled maintenance. For a typical gas 
turbine engine working at a constant operating revolution per minute (RPM), most of 
the stationary and rotating parts are subjected to constant stress loading during oper
ation. Hold periods account for a great portion of the service life for examples like 
these. Therefore, the mechanical behaviour of materials used in these areas has been 
studied in the literature for stress-hold condition along with cyclic loading [2,3]. On 
the other hand, hold periods cover comparable or less time than loading and unloading 
phases for some other applications where either loading and unloading occur slowly or 
the material experiences a very short hold time at each cycle. Assessing the strain ratch
eting of materials is especially important for the evaluation of the fatigue life of com
ponents. The contributions of cyclic loading and hold periods to the accumulated 
plastic strain have to be studied in detail. The influence of stress hold periods depends 
on many parameters including the material type and microstructure, operating tempera
ture, multiaxiality and proportionality of loading, and the hold duration [4–6]. An accu
rate prediction of stress hold effects is needed to avoid failures earlier than expected [7]. 
For instance, a single operational cycle of a structural part of an aero gas turbine engine 
may be considered as a major cycle combined with numerous minor cycles. An alterna
tive approach is to treat minor cycles as a long uninterrupted hold duration. During the 
design phase of an engine, these approaches may result in different plastic deformation 
and fatigue life predictions. Consequently, understanding the enhancive and reductive 
physical mechanisms for strain ratcheting is inevitably necessary.

Stainless steels are widely used in various industries including construction, automo
tive, nuclear energy, and aerospace. Ratcheting of stainless steels under cyclic loading 
without hold times has been studied extensively [8–12]. Depending on the engineering 
application, structural parts made of stainless steel alloys may undergo cyclic loading 
with hold time. It was experimentally shown that, even at low temperatures, adding 
stress hold periods to cyclic loading modifies the fatigue life of the stainless steel [13– 
15]. Even though there have been many attempts in the literature, previous work 
could not build consensus on the effect of hold times during cyclic loading on the 
fatigue life of stainless steels [4,14,16,17]. A case-specific evaluation has to be made for 
hold effects considering the material state and loading conditions. In contrast to incon
sistent findings on fatigue life, previous work had similar conclusions about the influence 
of hold periods on the strain ratcheting of stainless steels. It was experimentally demon
strated that adding hold periods to stress-controlled loading leads to an increase in the 
strain ratcheting of 304 stainless steel at room temperature, while hold periods result 
in a decrease in effective stress amplitude during strain-controlled loading due to the 
relaxation phenomena [18].

Many experimental studies have been conducted on the ratcheting of stainless steel. 
Chen et al. [14] investigated the ratcheting behaviour of 316L Stainless Steel at room 
temperature under mixed stress- and strain-controlled cyclic loading where stress and 
strain hold periods followed each other. They concluded that the cyclic hardening of 
the material is mainly due to the kinematic hardening instead of the isotropic hardening, 
and that the strain holds suppress the creep strain in subsequent stress hold. Taleb and 
Caillateud [19] have shown for 304L that long stress hold at peak stress leads to consider
able creep strain even at room temperature, yet it significantly reduces the strain ratch
eting in following cyclic loading. Taleb and Keller [20] experimented with various 
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loading conditions including stress cycling with different amplitudes about low mean 
stresses (0 and 25 MPa) after a long stress hold. They found that the strain obtained 
during the creep phase is preserved during cycling loading and no ratcheting was 
recorded until cyclic softening emerges at a higher number of cycles. For some of 
these loading conditions, the axial strain was shown to be slightly decreasing during 
cycling loading until the softening started. Similar behaviour was also reported by 
Yoshida [21] for cyclic loading about zero mean stress without prior creep loading, 
the strain achieved during the first cycle was shown to decrease in subsequent cycles 
until it saturates due to plastic shakedown. Ratcheting was achieved when the mean 
stress was increased to 25 MPa. Yet, the same study also found that the cyclic decrease 
in strain under zero mean stress disappears when 60 s of stress holding was added to 
each cycle. Higher axial ratchetings were recorded for cyclic loadings with hold 
periods. Also, the accumulated strain obtained by loading with high mean stress and 
low strain amplitude is shown to be very similar to the creep strain obtained by static 
creep loading under peak stress. Kang et al. [18] also investigated the time-dependent 
ratcheting of SS304. They demonstrated that adding 5 s of hold time to cyclic stress 
loading at room temperature results in a substantial increase in strain ratcheting while 
increasing the hold time to 10 s leads to a minor modification in ratcheting behaviour. 
However, when the experiments were conducted at 700 ◦C with lower stress amplitude 
and mean stress, the increase in hold time had a much more pronounced effect compared 
to room temperature experiments. There are many studies in the literature on the strain 
ratcheting behaviour of steels under cyclic stress loading with various stress amplitudes 
and mean stresses, yet the number of studies investigating the strain ratcheting under 
cyclic loading with cyclic stress holds is very limited. Similarly, room temperature 
creep of stainless steels was studied in the literature [21–24], but there are not many 
studies that have investigated the material behaviour under cyclic loading with or 
without hold periods after creep loading.

Experimental investigations into time-dependent ratcheting behaviour have inherent 
challenges. While indispensable for validating theoretical findings, these studies are gen
erally costly and require extensive laboratory equipment. Additionally, their primary 
focus is the macroscopic material responses, offering limited information regarding 
the microstructural mechanisms underlying observed deformation behaviours. Numeri
cal simulations have emerged as valuable tools to complement experimental studies, pro
viding a means to predict strain accumulation. The literature contains numerous 
numerical approaches to modelling strain ratcheting in stainless steels under stress-con
trolled cyclic loading without hold durations [10,25–34]. There are also numerical studies 
that investigated the effect of hold durations on the cyclic deformation of stainless steels 
[14,35–38]. These models often incorporate modifications to isotropic and kinematic 
hardening rules. However, a significant number of these studies have focussed on macro
scopic behaviour, overlooking the contributions of microstructural properties and local 
material responses to strain accumulation. Overcoming these limitations requires models 
that not only account for the material behaviour under cyclic and time-dependent 
loading conditions but also integrate both macroscopic and microstructural perspectives.

Crystal plasticity (CP) can be used to model deformation mechanisms at the grain 
scale, enabling a more direct representation of microstructural properties and their 
effects [39–44]. In the literature, CP models are employed to assess the ratcheting 
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behaviour of stainless steels [45–50] and other metallic alloys [51–56] under various 
mean stresses and stress amplitudes. In addition to simulations modelling ratcheting 
under cyclic deformation, there are also other CP studies focussed on time-dependent 
strain accumulation under stress-controlled cyclic loading with hold durations. Zhang 
et al. [57] investigated the ratcheting behaviour of a nickel-based single crystal super
alloy DD6 under thermomechanical fatigue (TMF) loading, which includes cyclic 
thermal and symmetric stress loads with hold periods. In their study, a modified 
slip-based Walker constitutive model, incorporating microstructure evolution and 
damage effects, is used to simulate the ratcheting strain and hysteresis loops, revealing 
that the mechanical response is influenced by both stress amplitude and the evolution 
of microstructural damage, including rafting. Agius et al. [58] developed a CP model by 
modifying an isotropic CP model to include Armstrong-Frederick (AF) type back- 
stress evolution and temperature-dependent recovery term in the hardening equation 
for 316H stainless steel. They predicted stress relaxation and creep under single and 
multiple dwell loading conditions, including load-control and strain-control dwells. 
Zhou et al. [59] modified an AF back-stress model to include a third term covering 
steady-state deformation to better describe time-dependent strain accumulation 
during hold periods. In that work, P92 steel polycrystal is subjected to hybrid creep- 
fatigue interaction (HCFI) loading composed of a strain-controlled loading followed 
by a stress-controlled hold duration. Bulut et al. [6] simulated dwell fatigue fracture 
in HCP titanium alloys under both static and cyclic loading with hold durations by 
coupling a rate-dependent CP model with a phase field fracture framework. It was 
demonstrated that the damage accumulation occurs primarily during the hold 
periods, and crack initiation and propagation are influenced by grain misorientation 
under cyclic loading with hold durations.

This study aims to advance the understanding of strain ratcheting behaviour in stain
less steels by investigating the combined effects of mean stress and stress hold durations 
on macroscopic and microstructural responses using a rate-dependent crystal plasticity 
model. Model parameters are identified using experimental data and subsequently vali
dated against additional independent experiments. Beyond macroscopic strain evolution, 
the model enables detailed microstructural analysis at the grain scale, capturing internal 
stress redistribution, plastic slip accumulation, and critical resolved shear stress (CRSS) 
evolution under different loading histories. Although much experimental work has 
focussed on measuring macroscopic strain responses under cyclic loading, there has 
been limited investigation into the variation of stress and accumulation of strain at the 
micro-scale, especially under varied mean stresses and stress holds. In contrast to existing 
CP studies which predominantly address either creep or cyclic loading separately, the 
current work integrates both aspects within a unified simulation framework. This 
enables a more comprehensive understanding of how time-dependent loading influences 
deformation at both macro and micro scales, particularly for service conditions where 
creep and cyclic effects coexist.

2. Theory

In this study, the combined isotropic-kinematic hardening model is employed for crystal 
plasticity simulations.The model is a rate-dependent local viscoplastic crystal plasticity 
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formulation allowing to capture the time-dependent response of the material at grain- 
scale. The model was developed by Wollmershauser et al. [60] and later implemented 
in the DAMASK with finite strain framework [61]. In the employed framework, the 
deformation gradient F maps points from the reference configuration to the current 
configuration. F is multiplicatively decomposed into elastic deformation gradient Fe 
and plastic deformation gradient Fp.

F = Fe · Fp (1) 

Fp is an inelastic deformation gradient mapping the points in the reference configuration 
to the intermediate configuration without distorting the crystal lattice. Fe maps points 
from the intermediate configuration to the current configuration, stretching and rotating 
the crystal lattice. The second Piola–Kirchhoff stress tensor denoted by S for a given F is 
obtained by substituting the Fe in the following relation

S = C :
1
2

FT
e Fe − I

( 􏼁
(2) 

where C and I refer to elastic stiffness tensor and identity tensor, respectively. To calcu
late the stress state utilising the above relation, firstly, the Fp has to be determined and 
substituted in Fe = F · F− 1

p . Plastic deformation gradient Fp can be obtained by integrat
ing the below relation numerically in an implicit manner

Ḟp=Lp · Fp (3) 

Lp denotes the plastic velocity gradient and it is formulated as

Lp =
􏽘k

a=1
ġa ma ⊗ na( ) (4) 

In the above formulation the slip rate (ġa) contributions of all slip systems are summed 
to obtain plastic velocity gradient tensor. Slip direction and slip plane normal of slip 
system α are denoted by ma and na, respectively. The total number of slip systems is 
denoted by k and it equals to 12 since all slip systems of FCC material are included in 
the model. Slip rate is calculated according to the below rule

ġa = ġa0
ta − tabs
tafor

􏼒 􏼓n

(5) 

where ġa0 denotes the reference slip rate. The effective shear stress is obtained by subtract
ing the back-stress (tabs) from the resolved shear stress (ta). tafor denote the forest stress. It 
is assumed that all slip systems of face-centered cubic (FCC) material can be active at any 
time depending on current effective stress and forest stress on that system. Even though 
the plastic velocity gradient at any time is obtained by the summation of slip rates on all 
slip systems, the flow rule may or may not produce slip rate on a given slip system during 
that time increment. The rate sensitivity exponent is represented by n. Back-stress and 
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forest stress evolve according to

ṫafor =
􏽘

b

qabhaa
for ġ

b (6) 

ṫabs =
􏽘

b

qabhaa
bs ġ

b (7) 

The ratio of latent hardening to self-hardening (qab) equals 1 for all slip system inter
actions. Self-hardening moduli for isotropic hardening (haa

for) and kinematic hardening 
(haa

bs ) are given as

haa
for = hs,for + h0,for − hs,for + G

h0,forhs,for

ts,for

􏼒 􏼓􏼒 􏼓

e− G
h0,for
ts,for (8) 

haa
bs = hs,bs + h0,bs − hs,bs + (ga − ga0 )

h0,bshs,bs

ts,bs + xa0

􏼒 􏼓􏼒 􏼓

e
− (ga− ga0 )

h0,bs
ts,bs+x

a
0 (9) 

In the isotropic hardening formulation, ts,for refers to the saturation forest slip resist
ance. h0,for and hs,for denote the initial and saturation forest hardening moduli, respect
ively. The forest stress is equated to the initial forest slip resistance (t0,for) in the first 
time increment. Γ denotes the total accumulated slip on all slip systems. The kinematic 
hardening modulus is obtained by replacing the forest stress terms in the isotropic hard
ening equation with back-stress terms. h0,bs and hs,bs refer to initial and saturation back- 
stress saturation hardening moduli, respectively. ts,bs denotes the saturation back-stress 
resistance. There are two main differences between isotropic and kinematic hardening 
formulations. The first difference is that isotropic hardening accounts for the total accu
mulated slip (Γ) over all slip systems, while for kinematic hardening, Γ is replaced by the 
difference between the amount of slip on a slip system (ga) and the strain memory term 
in that slip system (ga0 ). The strain memory term is equal to the accumulated slip in a slip 
system reached before the direction of the glide is reversed. The other difference is that 
when replacing the saturation forest slip resistance, the saturation back-stress slip resist
ance is increased by the amount of stress memory term xa0 . Stress memory term is the 
maximum back-stress experienced before the direction of glide is reversed.

3. Numerical model

The DAMASK framework with spectral solver is utilised throughout this work [61,62]. 
Analyses are conducted on a polycrystal RVE containing 200 grains. The polycrystal 
model is presented in Figure 1. Crystal orientation distribution is set to be completely 
random. The model is meshed with a grid-type regular mesh consisting of 8000 
points. A convergence study on grid resolution and grain number is also conducted. 
Crystal plasticity model parameters are obtained by fitting the simulation results to 
experiments for hysteresis loops under strain-controlled cyclic loading. For ratcheting 
simulations, a combination of stress and strain boundary conditions is utilised by manip
ulating the average deformation gradient (F) and First Piola–Kirchhoff stress (P). The 
deformation gradients in normal directions and the shear term F12 are set to be uncon
strained. The rest of the shear terms in the deformation gradient tensor are set to be 0 
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throughout the simulation. For the First Piola-Kirchoff stress, the axial normal stress 
term is controlled such that the uniaxial stress cycling with a triangular waveform is 
imposed. The rest of the normal stress terms in addition to the P12 are set to be 0 through
out the simulation. For the analyses with mean stress, the axial normal stress is increased 
to the mean stress value in the first cycle, and stress cycling occurs about that mean value 
in the following cycles. For all simulations in the results part, the stress rate is kept at 26  
MPa/s during both the loading and unloading phases.

Cubic elastic constants for 304L stainless steel are taken from Wang et al. [63] and 
used as C11 = 262.2 GPa, C12 = 112 GPa, and C44 = 74.6 GPa. The strain rate sensitivity 
exponent n is set to 20 in this study. Charles et al. [64] demonstrated that a rate sensitivity 
exponent of 21 accurately captures the low strain rate behaviour of 304L stainless steel at 
room temperature. Additionally, several other studies have reported values of n in the 
range of 15–20 for various stainless steels under similar conditions [65–69]. A series of 
simulations are conducted to determine model parameters. Many CP parameter combi
nations are analysed, and the parameter set producing the closest homogenised stress 
response to the experimental response is utilised in the rest of the work. Cyclic uniaxial 
strain-controlled experiments conducted by Mehani and Roy [70] are used to calibrate 
the model parameters. The hysteresis loops at the 2nd and 10th cycles for cyclic loadings 
with 0.6% and 0.8% strain amplitudes are used for parameter identification. During 
simulations, the strain rate is kept constant at 10− 3 s− 1. The comparisons of experiments 
and simulations conducted with fitted model parameters are illustrated in Figure 2. Fitted 
model parameters are shown in Table 1.

To minimise statistical scatter and reduce RVE-induced error, it is essential to employ 
a sufficiently large number of grains in simulations. An adequately sized RVE is expected 
to produce consistent macroscopic mechanical responses across different random 

Figure 1. The polycrystal representative volume element containing 200 grains.
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orientation sets. When the grain count is insufficient, local heterogeneities such as crystal 
orientations can influence not only the local behaviour but also the overall macroscopic 
response, thereby compromising the representativeness of the RVE for an FCC polycrys
tal. To address this, the number of grains in the RVE is progressively increased. Figure 3
presents the results of uniaxial tension simulations for three random orientation sets with 
RVEs containing 10, 60, and 120 grains, where notable scatter is observed in the macro
scopic response due to statistical scattering. Upon increasing the number of grains to 200 
and trials with two grid resolutions, the flow curves for the RVE with 200 grains and 8000 
points demonstrate near-identical behaviour as shown in Figure 4. Based on this conver
gence, an RVE with 200 grains and 8000 points is adopted for the rest of the study.

Ratcheting simulations are categorised into three groups. The first group is called LCF 
(low cycle fatigue) loading consisting of cyclic stress-controlled loading without hold 
periods. The second group is called CFI (creep-fatigue interaction) loading which is 
the cyclic stress-controlled loading with hold periods applied at the peak (maximum) 

Figure 2. Macroscopic true stress and strain results for 2nd and 10th cycles under uniaxial strain-con
trolled symmetric cyclic loading with (a) 0.6% and (b) 0.8% strain amplitudes obtained by simulations 
compared to experiments taken from Mehani and Roy [70].

Table 1. Combined Isotropic-Kinematic Hardening Model parameters calibrated for 304L stainless 
steel.
t0,for ts,for h0,for hs,for ts,bs h0,bs hs,bs ġ0 n

80 MPa 15 MPa 130 MPa 35 MPa 23 MPa 5000 MPa 1300 MPa 0.001 20

Figure 3. True stress and strain results for uniaxial tension simulations employing three random orien
tation sets for RVEs having (a) 10, (b) 60, and (c) 120 grains.
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stress of each cycle. The stress ratio, R, is defined as the ratio of the minimum stress to the 
maximum stress within a cycle. It is used throughout this study to distinguish between 
analyses conducted under different mean stresses. LCF and CFI loadings are applied 
with five different mean stresses ranging from 0 MPa (R = − 1) to 225 MPa (R = 0.8). 
The last group of simulations is called FLH (fatigue after long hold) loadings for 
which a long stress hold is followed by a cyclic stress-controlled loading. FLH loadings 
combine three long hold periods; 10 min, 60 min, and 100 min, and two mean stresses; 
0 MPa (R = − 1) and 125 MPa (R = 0). The loading conditions are illustrated in 
Figure 5 and details regarding the loading parameters are presented in Table 2.

Figure 4. True stress and strain results for uniaxial tension simulations employing three random orien
tation sets for RVEs having 200 grains and grid resolutions of (a) 10 and (b) 20.

Figure 5. Illustrations of stress histories for LCF (low-cycle fatigue), CFI (creep-fatigue interaction), and 
FLH (fatigue after long hold) loading under different mean stresses corresponding to symmetric 
(R = − 1) and non-symmetric (R = 0 and R = 0.8) loadings.
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4. Results and discussion

The strain ratcheting behaviour of 304L stainless steel under uniaxial stress-controlled 
cyclic loading is investigated using the numerical model. Calibrated model parameters 
are employed in two ratcheting simulations, each run for 100 cycles with a stress ampli
tude of 150 MPa. The first simulation used a mean stress of 100 MPa while the second 
simulation utilised 125 MPa mean stress. Axial strain peaks are presented in Figure 6
and compared with experimental data from Taleb and Cailletaud [19]. For 100 MPa 
mean stress case, results are significantly close to the experimental data throughout 
the entire loading history. Results for the simulation employing 125 MPa mean stress 
shows a slight deviation at high number of cycles. Nevertheless, the numerical model 

Table 2. Loading parameters for LCF, CFI, and FLH loadings where tinitial hold represents the duration of 
long hold applied at the first cycle and tcyclic hold denotes duration of hold periods applied at each 
cycle.

smax [MPa] smean [MPa] smin [MPa] samp [MPa] R tinitial hold tcyclic hold

LCF1 250 0 − 250 250 − 1 – –
LCF2 250 25 − 200 225 − 0.8 – –
LCF3 250 75 − 100 175 − 0.4 – –
LCF4 250 125 0 125 0 – –
LCF5 250 225 200 25 0.8 – –
CFI1 250 0 − 250 250 − 1 – 60 s
CFI2 250 25 − 200 225 − 0.8 – 60 s
CFI3 250 75 − 100 175 − 0.4 – 60 s
CFI4 250 125 0 125 0 – 60 s
CFI5 250 225 200 25 0.8 – 60 s
Creep 250 – – – – 100 min –
FLH1 250 0 − 250 250 − 1 10 min –
FLH2 250 0 − 250 250 − 1 60 min –
FLH3 250 0 − 250 250 − 1 100 min –
FLH4 250 125 0 125 0 10 min –
FLH5 250 125 0 125 0 60 min –
FLH6 250 125 0 125 0 100 min –

Figure 6. Simulation results for axial true strain peaks of cyclic response under uniaxial stress-con
trolled loadings with 150 MPa stress amplitude, and mean stresses (sm) of 100 MPa and 125 MPa, 
compared to experimental ratcheting data taken from Taleb and Cailletaud [19].
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accurately reproduces the experimentally observed ratcheting behaviour for both simu
lations, including the rapid accumulation of strain during the initial cycles and the 
slower, steady increase in strain in the subsequent cycles. The ability of model to simulate 
strain ratcheting behaviour is due to its inclusion of back-stress evolution, which 
accounts for the directional hardening effects during cyclic loading. By incorporating 
history terms into the back-stress evolution equation, the model retains information 
about the state of deformation prior to the last load reversal, enabling it to account for 
path-dependent material responses. The alignment between simulation and experimental 
data confirms the capability of model to predict the strain accumulation behaviour.

Further simulations are conducted to investigate the effects of varying mean stress and 
introducing stress-hold conditions. These simulations demonstrate the sensitivity of 
strain accumulation to changes in stress cycle asymmetry and time-dependent defor
mation mechanisms. The maximum stress is fixed at 250 MPa across all simulations, 
while mean stress is varied by adjusting the minimum stress resulting in different 
stress amplitudes. Figure 7(a) shows the ratcheting response under low-cycle fatigue 
(LCF) loading, while Figure 7(b) presents results for creep-fatigue interaction (CFI) 
loading, where 60 s stress holds are introduced at the peak stress of each cycle. In addition 
to ratcheting curves, hysteresis loops are extracted for 1st, 5th, 40th, and 100 cycles for 
FCI and CFI loadings as shown in Figures 8 and 10, respectively. The strain reached 
in the first cycle is consistent across all mean stress levels due to the identical 
maximum stress, while subsequent cycles reveal distinct ratcheting trends influenced 
by mean stress and time-dependent deformation mechanisms.

Under LCF loading, ratcheting strain accumulation increases with mean stress due to 
the asymmetric stress cycles induced by higher mean stresses as illustrated in Figure 7(a). 
The absence of compressive plasticity in simulations with high mean stress (R = 0.8 and 
R = 0) eliminates the strain hardening effects associated with compressive loading, 
leading to sustained strain accumulation through cycles. Hysteresis loops obtained for 
high mean stress simulations are presented in Figure 8(a,b). They show that as the 
number of cycles increases, the hysteresis loop is translated in the tensile direction 
while it becomes narrower and gradually reduces to an almost straight line. This is an 
interesting observation considering the plastic part of the flow curve at the last cycle is 
nearly unnoticeable, however, the strain accumulation is not saturated even at the last 
cycle. For intermediate mean stresses (R = − 0.4 and R = − 0.8), the presence of 

Figure 7. Simulation results for axial true strain peaks of cyclic response under (a) LCF and (b) CFI 
loadings with various mean stresses.
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compressive plastic deformation amplifies strain hardening. This amplification moder
ates strain accumulation and leads to stabilisation of ratcheting strain after a certain 
number of cycles. The existence of compressive plastic deformation is also noticeable 
in Figure 8(c,d). Another observation for the hysteresis loops is that, in contrast to simu
lations with higher mean stress, the hysteresis loops for the R = − 0.8 case are not 
reduced to an almost straight line with the increasing number of cycles but the 
loading and unloading phases are still distinguishable even at the last cycle. For sym
metric loading (R = − 1), the significant compressive plastic deformation occurring in 
early stages results in increased hardening and reduction in peak axial strain which is 
also evident in Figure 8(e).

These observations are consistent with the experimental study conducted by Yoshida 
[21] using 304L stainless steel, where symmetric and near-symmetric LCF loadings 
exhibit substantial cyclic hardening, reducing strain accumulation in subsequent 
cycles. Similar to our simulations, experiments with symmetric cyclic loading resulted 
in the plastic shakedown and no ratcheting strain accumulation.

Figure 9 illustrates the axial strain and stress distributions at the peak of the last cycle 
under LCF loading. While the peak macroscopic stress level remains consistent at 250  
MPa across all LCF simulations, simulations differ in the variation of stress values 
within RVE. For the highest mean stress case (R = 0.8), the difference between 
maximum and minimum local stress values is notably higher compared to other cases. 
This indicates that the higher macroscopic strain observed after cyclic loading (ratcheting 

Figure 8. Hysteresis loops for 1st, 5th, 40th, and 100th cycles in LCF simulations under different mean 
stresses corresponding to stress ratios (a) R = 0.8, (b) R = 0, (c) R = − 0.4, (d) R = − 0.8, and (e) 
R = − 1.
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strain) in the high mean stress case likely originates from localised regions with dispro
portionately higher strain contributions. This relation shows that heterogeneous defor
mation within the microstructure is due to not only the crystal orientations of grains 
but also the loading condition. Simulation with lower mean stress exhibits a more 
uniform stress distribution, resulting in reduced strain accumulation.

For CFI simulations, the introduction of a 60 s stress hold at the peak stress signifi
cantly amplifies ratcheting strain compared to LCF loading for all mean stress levels. 
This amplification arises primarily from the time-dependent viscoplastic deformation 
enabled by the numerical model, where the flow rule governing crystal slip evolution 
allows continued slip activity under constant stress during the hold phase. Examining 
the hysteresis loops for all mean stresses in Figure 10, most of the strain increase 
occurs during the hold phase. For symmetric loading (R = − 1), the hold time delays 
plastic shakedown, enabling time-dependent mechanisms to dominate the response 
and produce a pronounced difference in ratcheting strain compared to LCF loading. 
At intermediate mean stresses (R = − 0.4 and R = 0), the contribution of the stress 
hold varies with the degree of stress asymmetry but remains a significant factor in 
driving strain accumulation. The greatest quantitative increase in ratcheting strain fol
lowing the addition of hold time is observed in the highest mean stress case (R = 0.8), 
primarily due to higher strain accumulation in the hold phase The static creep curve 
in Figure 7(b) uses time as its horizontal axis; creep loading is applied for 100 min, cor
responding to the total duration of stress hold periods for 100 cycles in the cyclic simu
lations. Strain accumulation under static creep closely matches the ratcheting strains 
observed in CFI loading with high mean stress (R = 0.8). This indicates that the strain 
observed under high mean stress in cyclic loading is largely driven by the time-dependent 
deformation mechanisms.

The experimental study conducted by Yoshida [21] under CFI loading showed similar 
mechanical behaviour as the stress holds increased the total strain accumulation. Similar 
to our simulations, the CFI loading with high mean stress yields a strain accumulation 
closer to the static creep loading. For symmetric loading, the delay in plastic shakedown 
caused by hold periods is also observed in experiments.

Figure 9. Axial stress and strain contours at the peak of the last cycle of LCF loading for various stress 
ratios and corresponding mean stresses.
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Axial strain and stress distributions at the peak of the last cycle under CFI loading are 
presented in Figure 11. Similar to stress contours obtained for LCF loading, the high 
mean stress case exhibits less uniform stress distribution within the RVE compared to 
lower mean stress cases. Yet, the difference in the level of uniformity between simulations 
is much lower for CFI loading compared to LCF loading shown in Figure 9. Particularly, 
the symmetric loading case (R = − 1) under CFI loading showed considerably lower uni
formity in stress variation compared to the same case under LCF loading. Parallel to the 
observations for accumulated strain, this relation is also a consequence of cyclic stress 
holds which prevent the decrease in axial strain peak after the first cycle and delay the 
plastic shakedown for the symmetric loading case.

Hysteresis loops obtained for FLH loading are presented in Figure 12. This type of 
loading condition consists of a long hold period at the peak stress followed by uniaxial 
cyclic stress-controlled loading without additional cyclic hold periods. FLH simulations 
included three initial long hold periods (10 min, 60 min, and 100 min), and two mean 
stress values: 125 MPa (R = 0) and 0 MPa (R = − 1). For non-symmetric cyclic 
loading (R = 0), most of the strain accumulation occurs during the initial long hold 
period, with subsequent cyclic loading having minimal impact on the hysteresis loop. 
Compared to LCF loading with R = 0 (Figure 8(b)), the initial long hold period of 
FLH loading not only results in a higher peak strain than that observed after 100 
cycles of LCF loading but also leads to the saturation of cyclic strain accumulation. 
The saturation in ratcheting after a long hold period is also experimentally shown in 

Figure 10. Hysteresis loops for 1st, 5th, 40th, and 100th cycles in CFI simulations under different mean 
stresses corresponding to stress ratios (a) R = 0.8, (b) R = 0, (c) R = − 0.4, (d) R = − 0.8, and (e) 
R = − 1.
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Taleb and Cailletaud [19] for 304L stainless steel under non-symmetric stress cycling fol
lowing a long hold at room temperature. Interestingly, strain accumulation during hold 
does not saturate after a 10-minute hold period but continues to increase with longer 
hold durations. Comparing Figure 12(a), 12(c), and 12(e), the saturation in strain 
accumulation observed in cyclic loading after an initial long hold does not occur if the 

Figure 11. Axial stress and strain contours at the peak of the last cycle of CFI loading for various stress 
ratios and corresponding mean stresses.

Figure 12. Hysteresis loops for the 1st, 5th, 40th, and 100th cycles in FLH simulations with mean stres
ses of 0 MPa (R = − 1) and 125 MPa (R = 0), and long hold durations of (a,b) 10, (c,d) 60, and (e,f) 100  
min.

PHILOSOPHICAL MAGAZINE 15



long hold itself is further extended instead of transitioning to cyclic loading. This is due 
to the viscoplastic flow rule, which permits ongoing slip activity under constant stress. As 
a result, strain accumulation reaches values that exceed those achieved under LCF 
loading with the same mean stress, where saturation occurs earlier. However, as the 
long hold duration increases, the rate of strain accumulation decreases. For symmetric 
loading (R = − 1), the long hold period does not delay plastic shakedown, unlike 
cyclic holds in CFI loading. Comparing Figure 12(b), 12(d), and 12(f), axial strain 
peaks decrease monotonically before reaching saturation. The stark contrast between 
FLH simulations with symmetric and non-symmetric stress cyclings is due to the same 
reason as LCF simulations: the compressive plastic deformation in symmetric cycling 
leads to a decrease in the axial strain peaks through hardening. Also, comparing CFI 
simulations (Figure 10(b,e)) with FLH simulations (Figure 12(e,f)) reveals that distribut
ing the total hold duration (100 min) across 100 cycles produces different results than 
applying it as a single long hold period. This relation is particularly apparent for sym
metric stress cycling.

Distributions of critical resolved shear stress (CRSS), named the forest stress (tfor) in 
the current model, at the peak of the last cycle are illustrated in Figure 13 for LCF and CFI 
loadings with various stress ratios. Figure 14 presents distribution of total amount of slip 
over all slip systems (Γ). As it was discussed previously, material under symmetric cyclic 
loading undergoes an additional hardening during compressive phase of the loading 
compared to cyclic loading with high mean stress where plasticity occurs only during 
tension. CRSS and Γ distributions support these findings as the total slip accumulated 
after 100 cycles is much higher for low mean stress case. The initial value of CRSS 
(t0,for) was 80 MPa at the beginning of the simulation for all cases. Loading with low 
mean stress leads to the promotion of CRSS due to higher slip accumulation while 
CRSS value is merely modified even after 100 cycles for high mean stress case. Effect 
of hold durations can also be observed from CRSS and total slip distributions as the 
plastic slip continues to accumulate during constant stress periods and promotes the 
CRSS values. Comparing Figures 9, 11, 13, and 14, microstructural regions carrying 
higher stress than the rest of the RVE appear to have lower slip accumulation and CRSS.

Figure 13. Critical resolved shear stress (CRSS) contours at the peak of the last cycle of LCF and CFI 
loadings for various stress ratios and corresponding mean stresses.
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5. Conclusions

In this study, a crystal plasticity model with combined isotropic–kinematic hardening is 
used to simulate strain accumulation in 304L stainless steel under stress-controlled cyclic 
loading and various stress hold conditions at room temperature. The model with cali
brated parameters is validated against experimental ratcheting data. Key findings are:

. Under low-cycle fatigue (LCF) loading, high mean stresses lead to continuous strain 
accumulation, while intermediate and symmetric loading conditions result in strain 
stabilisation due to compressive loading. High mean stress loading leads to a highly 
heterogeneous stress response in the microstructure.

. Creep-fatigue interaction (CFI) loading with cyclic stress holds significantly amplify 
strain accumulation due to time-dependent viscoplastic deformation. CFI loading 
with high mean stress lead to similar strain accumulation as the static creep loading.

. Fatigue after long hold (FLH) loading produces most of the strain during the initial 
long hold, and switching to cyclic loading lead to elastic and plastic shakedown 
under non-symmetric cycling, while symmetric FLH loading shows substantial 
decrease in accumulated strain due to hardening introduced during long hold.

. The study establishes a numerical framework capable of capturing strain ratcheting 
response of polycrystal model under a wide range of cyclic loading and stress hold 
conditions, contributing to improved predictive modelling for aerospace and energy 
applications.
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Electron density mapping analysis using XRD and 
tailoring of the optical and magnetic properties in Ni 
doped SnO2

K. KaviyaPandimeena a, M. Charles Robert a, N. Pavithraa, Y.B. Kannanb and 
P. Christurajc

aPG and Research Department of Physics, (Affiliated to Madurai Kamaraj University, Madurai), HKRH 
College, Theni, India; bDepartment of Physics, Arumugam Pillai Seethai Ammal College, Tiruppattur, 
India; cDepartment of Physics, St. Joseph’s College, Tiruchirappalli, India

ABSTRACT  
Single-phase Ni-doped SnO2 with concentrations of 2.5%, 5%, 
and 7.5% was prepared by the simple co-precipitation 
method and studied to tailor the optical energy gap and 
magnetism useful for diluted magnetic semiconductor (DMS) 
applications. In all compositions, XRD analysis shows Ni 
doping with no peak shift. Ni doping in SnO2 increases the 
energy band gap from 3.51 eV to 4.09 eV, reducing optical 
absorbance. Room-temperature PL emission with excitation 
at 320 nm produces strong red emissions. Room-temperature 
magnetic investigations show that 2.5% Ni doping in pure 
SnO2 changes diamagnetism to soft ferromagnetism with 0.5 
emu/g magnetisation and 149 Oe coercivity. More Ni doping 
reduces magnetisation and leads to paramagnetism, which is 
attributed to interstitial charge accumulation. The Rietveld 
analysis of the XRD data reveals a cation deficiency, while the 
maximum entropy method (MEM) analysis of the electronic 
structure and bonding behaviour reveals the maximum 
dilution of Ni2+ ions in the Sn4+ host site at 2.5% doping. 
Further doping increases interstitial charge accumulation, 
defects, and magnetisation reduction. MEM also shows a new 
empirical conclusion: for magnetism to be fully developed, 
the Ni2+ needs to be diluted correctly in the Sn4+ host lattice 
so that there is no charge buildup between the atoms 
(interstitial) and the Sn/Ni-O covalency needs to be maximum 
in both apical and equatorial directions. In conclusion, a 
dilute Ni-doped SnO2 system allowed to achieve a soft 
ferromagnetic transition and optical band tuning.
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1. Introduction

In the most recent few years, the focus of the scientific community has shifted 
toward dilute magnetic semiconductors (DMS) because of the vast number of 
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uses that they have in the nanoworld. Researchers specifically investigated 
room-temperature ferromagnetism (RTFM) and photoluminescence on the 
DMS materials for spintronics and optical device applications. The electrons’ 
spin and charge improve the performance of semiconductor devices and mag
netic storage devices, respectively. Doping with transition metals like iron, 
nickel, manganese, cobalt, chromium, and others caused the spin and charge 
to be tailored for the creation of ferromagnetic dilute magnetic semiconductors 
that are optically transparent [1–3]. Ferromagnetism at room temperature is 
one of the pre-requisite characteristics that is a prerequisite in materials for 
spintronic applications. Ming Hao reported that Mn-doped zinc oxide (ZnO) 
has the property of RTFM [4]. Transition metal dopants can tune the ferromag
netism of semiconductors [5]. In order to induce performance in different 
application fields, doping non-magnetic semiconductors with magnetic par
ticles resulted in improved semiconductor performance. Some authors have 
observed that transition metal-doped oxide semiconductors may exhibit ferro
magnetism at ambient temperature [5]. Mousa Aliahmad [6] has reported the 
superparamagnetism of Ni-doped SnO2. In contrast to reports about other 
oxide-based DM semiconductors, less information is available concerning 
SnO2-based DMS materials [7].

Tin oxide (SnO2) is an n-type semiconductor with a large band gap of 3.6 eV, 
like TiO2 and ZnO [8,9]. It can be used in optical and spintronic applications. 
When doped with transition metals and possessing a significant magnetic 
moment, SnO2 emerges as one of the most sought-after RTFM semiconductors 
[10]. Various applications, including LEDs with a wide emission range, have 
optimised the optical properties of TM-doped SnO2 [11,12]. Researchers 
have described numerous experimental investigations on the PL spectrum of 
SnO2 doped with various transition metals [13,14]. The Ni and Cu dopants 
increase the optical, magnetic, and electrical characteristics of SnO2, which 
offer a wide range of applications, particularly in sensors and optoelectronics 
[15,16]. Airinei et al. [11] found that the system’s band gap increases as the 
Ni concentration rises. Low concentrations of Ni, according to Sharma et al., 
have greater saturation magnetisation [11]. SnO2 doped with transition 
metals is a good material for developing multifunctional magneto-optoelectro
nic devices [17]. SnO2 doped with the transition elements (Fe, Ni, Co, Cr, and 
Mn) is well known as a magnetic semiconductor used in the field of spintronics 
[8]. Punnoose et al. reported the paramagnetic behaviour of Ni2+ ions on the Sn 
host lattice [18]. Fitzgerals et al. reported ferromagnetism with a magnetic 
moment of 0.98 μB in iron-doped SnO2. [3] Several authors have reported 
on the structural properties of Ni-doped SnO2 [11,15,19]. Furthermore, Coey 
et al. [20] proposed the defect-induced model of ferromagnetism, which can 
enhance magnetism in TM-co-doped DMS.

The electron density, mobility, and spin determine the magnetisation and 
semiconducting characteristics of DMS materials. Therefore, knowledge of the 
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local structure and electronic structure is of the utmost importance for DMS- 
based device applications. The magnetic properties of the dilute transition 
metal-doped SnO2 system are completely dependent on the magnitude and 
spin orientation of the lattice, as well as the interstitial site occupation of mag
netic ions. Therefore, we must address the electronic charge characterisation, 
which includes the electron density distribution inside the unit cell, the type 
and strength of bonding, and the occupation of charges at both interstitial and 
lattice points. The majority of articles in this field focus on preparation, 
optical, and magnetic characterisation. There is a research gap in this field, as 
no article reveals the analysis of electron density, its visual mapping, or its 
local structure. Further, none of the studies reveals the correlation between elec
tronic structure and magnetism. We dedicate this study to the synthesis, optical, 
photoluminescence, and magnetic characterisation of dilute Ni doping in SnO2, 
along with the comprehensive observation and bonding of electron density using 
XRD data through the maximum entropy method (MEM). Furthermore, the 
atomic pair distribution study, which uses XRD data, quantifies atomic-level 
interactions with the closest neighbours. This work’s highlight is an electron- 
level empirical correlation between magnetism and electronic structure.

2. Materials and methods

The chemical precipitation method was used to produce Ni-doped SnO2 

(NixSn1-xO2) with three distinct Ni concentrations (x = 0.025, 0.05, and 
0.075), as the chemical precipitation process is cost-effective and practical, 
which provides error-free stoichiometry, low temperature, and homogeneity 
control [21]. As precursors, stannous chloride (SnCl2), nickel chloride (NiCl2 

6H2O), and ammonia solution (NH4OH) were used. Stochiometric amounts 
of stannous chloride and nickel chloride were dissolved in 100 ml of distilled 
water and agitated for 20  min with a magnetic stirrer. Following the addition 
of ammonia solution, the precursor solution was stirred until full precipitation. 
The precipitated sample was dried at 80°C for 24  h and calcinated at 500°C for 
2  h. For a typical example of the synthesis of Ni0.05Sn0.95O2, 1.8012 grams of 
stannous chloride (0.095 M), 0.18 grams of nickel chloride (0.005 M), and 35 
ml of ammonia solution were used in 100 ml of deionised water. The calcinated 
sample is ground to a fine powder using a mortar and pestle and filtered using a 
400-micrometer nylon mesh for further characterisation.

2.1. Experimental analysis

Powder XRD data were collected using a BRUKER advance D8 EVO diffract
ometer with a scan step size of 0.02° and a Bragg angle (2θ) range of 10° to 
100° using Cu target with Kα radiation (λ = 1.5405 Å). The surface morphologi
cal investigation for microstructural information was recorded using 
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transmission electron microscopy (TEM) equipment type FEI Tecnai G2 20-S- 
TWIN TEM working under 200 kV field emission gun with super twin lens of 
point and lattice resolution 0.24 and 0.1 nm respectively. The optical absorption 
spectra of the material was measured across the wavelength range of 220–1400 
nm with a step size of 1 nm using a UV-visible-NIR spectrometer, model SHI
MADZU/UV 2600 having 0.1 nm wavelength accuracy and resolution. The 
instrument model SHIMADZU/RF 6000 with 1 nm resolution recorded the 
photoluminescence spectra across the wavelength range of 300–800 nm, with 
an excitation wavelength of 320 nm, to detect photoemission and chromaticity 
in the visible light area. At room temperature, magnetic measurements were per
formed using a vibrating sample magnetometer (VSM) with the instrument 
model Lakeshore 7410S and a maximum applied magnetic field of 15 kOe. 
ESR spectrometer JEOL model JES FA200 was used to look at the oxidation 
states of Ni ions in the X-band frequency range of 8.75–9.65 GHz. It has a resol
ution of 2.35 μT and a sensitivity of 7 × 109 spins/0.1 mT.

2.2. Computational analysis

The Rietveld profile fitting technique was used to analyse average structural infor
mation based on initial structural parameters such as tetragonal structure (space 
group P42/mnm) and reported lattice parameters of SnO2, a = b = 4.737 Å and 
c = 3.186 Å [22,23]. The JANA2006 programme [24] was utilised to refine lattice 
parameters, peak shape parameters, asymmetry and background parameters, as 
well as atomic location and occupancy. The generated profile contains computed 
and observed intensities, Bragg positions, and error information. The MEM 
entropy maximisation approach [25] was used to determine the electron density 
in each pixel (128 × 128 × 108) of the unit cell using the observed structure and 
structural factors. The programme Dysnomia was used to rebuild electron 
density using XRD-based structural factors [26]. We created a comprehensive 
map of electron density using the graphical programme VESTA [27]. Using the 
pair distribution function (PDF) and the programme PDFgetX [28], correlations 
of the atomic and ionic closest neighbour bond lengths were determined. The PDF 
generated from experimental XRD data was matched with an appropriate crystal
lographic model using PDFgui [29], yielding precise lattice parameters, bond 
length of closest neighbour atoms or ions, and number of nearest neighbours.

3. Results and discussion

3.1. Experimental analysis

3.1.1. Experimental XRD data analysis
Figure 1 displays the experimental XRD intensity data for Ni-doped SnO2 

material. The scanning angle 2θ is plotted from 20° to 100° because there 
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were no peaks in the 10° to 20° region for any of the Ni compositions that were 
made. The well-defined and intense XRD Bragg peaks are evidence that the 
samples had a high degree of crystallinity. Each sample’s peak location 
reveals the rutile type tetragonal structure of SnO2. This structure is in accord
ance with JCPDS 41–1445 and follows the space group P42/mnm [13]. Every 
doping composition displays three minuscule extra peaks. The first peak, 
located at 24° and designated by a black solid circle, belongs to the orthorhom
bic phase of SnO2, while the other two peaks, located at 30.59° and 46.52° and 
signified by a black solid diamond, signify a very tiny contribution of the Sn 
post-transition metal peak. Carvolha et al. [30] had previously documented 
the existence of these extra peaks.

The peak shift in relation to doping concentration is not noticeable due to 
two possible reasons: the first is that there is a very small difference between 
the ionic radii of the dopant Ni2+ (ionic radii = 0.72 Å) and the ionic radius 
of the host cation Sn4+ (ionic radius = 0.71 Å), confirming the doping of Ni2+ 

ions in the host lattice, and the second is the dilute quantity of doping. Only 
a little shift (inset of Figure 1) towards the lower 2θ angle is observed due to 
the small ionic difference between the host and dopant ions. The inset of 
Figure 1 also shows the full width at half maximum value (FWHM) for the pro
minent plane (110) and their corresponding crystallite sizes, calculated using 

Figure 1. Experimental X-ray intensity plot of NixSn1-xO2: x = 0.025, 0.05, 0.075, showing the 
perfect crystallinity, rutile structure, with very little SnO2 orthorhombic and post transition 
Sn metal phases. The inset shows the expanded major peak (110) with the crystallite size.
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the Scherrer equation using the formula (D = 0.9 λ/βcosθ), where β, θ, and λ are 
the full width at half maximum, the diffracting angle, and the wavelength of the 
X-ray used, respectively [31]. This method considers the XRD peak broadening 
only due to crystallite size effects, without considering the microstructural 
strain due to point defects, stacking faults, and the size and ionic radii of 
dopants. The FWHM for the 5% Mn-doped sample has a maximum value of 
1.1066°, leading to a minimum nanocrystal size of 7.7 nm. The Halder- 
Wagner method is used, which is based on the assumption that peak broaden
ing is a Voigt function as it is a convolution of Lorentzian function and gaussian 
function, which considers both crystallite size and microstructural lattice strain. 
Figure 2 is a plot of (β*/d*)2 vs. (β*/d*2), the Halder-Wagner plot, which esti
mates the crystallite size and lattice strain. In this plot, β* = βcosθ/λ and d* =  
2dsinθ/λ, with β, d, θ, and λ being the full width at half maximum, the distance 
between planes in the reciprocal lattice, the diffracting angle, and the wave
length of the X-ray used, respectively [32]. Section 3.4.3 discusses the crystallite 
size that we obtained from the pair distribution function. Table 1 presents the 
estimated crystallite size, porosity, and lattice parameters using various 

Figure 2. Halder – Wagner plot for precise crystallite size and lattice strain estimation. The 
perfect dilution of Ni2+ dopant in host Sn4+ lattice due to comparable ionic radii reduces 
lattice strain.
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methodologies. Table 1 reveals that doping has minimal effect on the lattice 
parameter. The least value of lattice strain for all compositions, of the order 
of 10–5, supports this argument. Bulk and x-ray density methods calculate a 
porosity that is almost smaller, indicating a very low porosity.

3.1.2. Surface morphology
Transmission electron microscopy (TEM) was used to examine the surface 
morphology of Ni-doped SnO2. Transmission electron microscopy (TEM) is 
widely regarded as the preferred method for assessing the surface morphology, 
namely the size and shape, of nanoparticles. The initial stage of the character
isation process necessitates a visual inspection of the objects under examin
ation. Understanding the size distribution of particulate materials has 
significant importance due to many factors, particularly when these materials 
are anticipated to consist of minuscule particles, such as nanoparticles, which 
are particles measuring up to around 100 nm or less in size. Transmission elec
tron microscopy (TEM), which is different from optical microscopes, uses 
visible light to magnify nanoscale structures by up to 50 million times. This 
makes it easier to look at tiny details at the atomic level. The rationale for 
this phenomenon is that electrons may exhibit a significantly reduced wave
length (about 100,000 times shorter) compared to visible light when exposed 
to a strong electromagnetic field. Consequently, the introduction of TEM in 
materials research leads to a substantial improvement in nanoscale research.

Figure 3(a–c) presents the surface morphological analysis images of 
NixSn1-xO2 at x = 0.025, 0.05, and 0.075, with varying ranges of 50 and 20 
nm. The prepared particles exhibit good dispersion and a moderately 
uniform particle size. These TEM photos suggest that the increased Ni 
doping concentration does not significantly alter the nanoparticle morphology. 
At 2.5% Ni concentration, a moderate hexagonal morphology is present, but 
diminishes as the doping concentration increases. No spherical-shaped mor
phology is seen in all samples. NixSn1-xO2: x = 0.025, 0.05, and 0.075 nanopar
ticles had an average particle size of 59, 45, and 64 nm, respectively. The TEM 
determined the average particle size to be larger than the XRD anticipated 

Table 1. Various structural parameters obtained from XRD data. Crystallite size and porosity are 
minimum for the 5% Ni doped composition.

Sample 
name Crystallite size (nm)

Bulk 
density 
(g/cm3)

X-ray 
density 
(g/cm3)

Porosity 
(%)

Cell parameters 
using unit cell 
refinement (Å)

NixSn1-xO2

Scherrer 
method

Halder – 
Wagner 
method

PDF 
method a = b c

x = 0.025 15 ± 0.32 15 ± 0.77 15 6.775 6.887 1.626 4.746(2) 3.192(6)
x = 0.05 7 ± 0.71 10 ± 0.76 9 6.566 6.600 0.515 4.751(4) 3.193(5)
x = 0.075 16 ± 0.55 18 ± 0.24 17 6.535 6.588 0.799 4.747(1) 3.195(3)
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Figure 3. (a–c) TEM images of the prepared samples with insignificant morphological changes 
with Ni doping with different magnifications such as 50 and 20 nm.
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crystallite size, indicating a large number of small agglomerated crystallites of 
different ranges in the particles. All compositions exhibit particle agglomera
tion, with the lowest degree occurring at x = 0.025 and increasing as the 
doping concentration reaches its maximum at x = 0.075. Previous reports 
have indicated that the presence of OH ions in co-precipitated samples is the 
reason for this particle agglomeration.

3.1.3. UV-Vis NIR analysis
The optical properties will provide a window into the electronic band-level 
properties, which will aid in the comprehension of electrical conduction in 
DMS materials. Absorption and fluorescence spectroscopies are efficient tech
niques for identifying the optical properties of semiconducting materials. 
Figure 4 illustrates the UV-visible optical absorption spectra of Ni-doped 
SnO2 at different concentrations. The concentration of Ni dopant has little 
effect on the absorption edges. Absorbance spectra provide a variety of par
ameters, such as band gap, impurity centre, oxygen vacancy or deficiency, 
and surface roughness. According to Figure 4, the absorbance spectrum has a 
transition region between 270 and 300 nm that can be ascribed to the photoex
citation of electrons between the valence and conduction bands. The inset of 
Figure 4 depicts the energy gap resulting from Tauc’s relation, as depicted by 

Figure 4. UV-Vis-NIR absorption spectrum of SnO2 and (2.5%, 5% and 7.5%) Ni doped SnO2. A 
gradual decrease in absorption intensity and a slight shift in absorption edge is seen. Inset is the 
Tauc plot, estimate the energy band gap, which increases with Ni doping.
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the following equation [33]:

(ahn)1/n = A(hv − Eg) (1) 

where h, α, ν and Eg are plank’s constant, absorption coefficient, and frequency 
of radiation, respectively. For a direct band transition, the value of n is 1/2. The 
band gap values are calculated by extrapolation of the linear region of the plot 
between (αhν)2 and hν. The inset of Figure 4 compares the band gaps of 
undoped SnO2 and Ni-doped SnO2 of various compositions. Pure SnO2 has a 
band gap of 3.51 eV. In contrast to what was observed before [34], it is inter
esting to see that the energy gap values rise from 3.78 eV to 4.09 eV as the 
Ni doping concentration increases. This is because the Ni doping concentration 
increases in the near-ultraviolet region with wavelengths between 328 and 303 
nm. Based on the exact Rietveld refinement results (section 3.4.1, Table 3), the 
cation deficiency is between 9% and 28.4%. This deficiency in cations is equiv
alent to an excess of anions. As the concentration of Ni dopant ions rises, so 
does the occupancy of Ni2+ in the interstitial sites, in addition to the occupied 
Sn4+ lattice sites. Due to the excess of electrons, the charge carrier increases, 
causing the fermi level to migrate to a higher energy level within the conduction 
band. The orbitals of the dopant atom in the valence and conduction bands 
result in hybridisation with the existing orbitals, thereby widening the forbid
den band gap. The variation of band due to doping concentration causes the 
Moss-Burstein effect, where the net energy gap is the sum of the actual band 
gap and the negative Moss-Burstein shift. Since all states below the fermi 
levels are occupied, electrons can only be excited from the top of the valance 
band to the bottom of the conduction band. Increasing the band gap in semi
conductors increases conductivity owing to the conduction electron obtained 
by ionisation of the donor level caused by dopant in the presence of tempera
ture [35].

3.1.4. PL-spectrum
Figure 5 depicts the photo-induced fluorescence spectra of NixSn1-xO2 (x =  
0.025, 0.05, and 0.075) at an excitation wavelength of 320 nm. The PL curves 
exhibit two emission maxima, one in the UV region at 311 nm wavelength 
and the other in the visible region at 638 nm wavelength. The near-band 
edge emission (NBE) is responsible for the first peak at 311 nm, which is 
caused by the recombination of photogenerated charge carriers. Other than 
this peak, the next prominent peak observed at 638 nm is attributed to an 
oxygen defect known as an oxygen vacancy or an interstitial-related shallow 
and deep trap centre. Oxygen vacancy is the most prevalent defect in metal 
oxides, with three distinct charge states represented by vo

0, vo
+, and vo

2+ [36]. 
Due to the radiative recombination of electrons in deep-level states with the 
photoexcited hole in the valance band, the peak in the visible region is 
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attributed to deep trap centres. With an increase in Ni dopant concentration 
from x = 0.025 to x = 0.075, the absorption peak shifts. With Ni doping, the 
wavelength and intensity of the robust band increase from 637 nm to 639 
nm. Peak at 311 nm tend to blend together. As a result of the substitutional 
incorporation of Sn4+ ions by Ni2+ ions, the –2 charge of the substituted 
Sn4+ ion must be compensated from the lattice in the form of oxygen vacancies, 
which act as radiative luminescence centres and give rise to defect levels, 
thereby increasing the photoluminescence intensity of Ni-doped SnO2 

samples. NixSn1-xO2 (x = 0.075) has the greatest intensity of 
photoluminescence.

The presence of a high absorbance results in a greater number of photogen
erated charge carriers on the surface, thereby enhancing charge transfer and 
recombination between the carriers. In the present investigation, this high 
intensity (3,967107 a u) will govern the photocatalytic activity. All of the 
samples exhibit reasonable absorption and high-intensity PL emission, which 
enables their application to photocatalysis. Inset (a) of Figure 5 depicts the 
charge carrier relaxation process. Charge carriers are excited to the conduction 
band by the excitation energy of 4.13 eV (excitation wavelength = 320 nm). 
Initially, a nonradiative transition from the conduction band to the intermedi
ate energy levels is produced by the accumulation of interstitial charge caused 
by Ni2+ doping. These electrons then recombine with the holes in the confined 

Figure 5. Photoluminescence emission spectra of (2.5%, 5% and 7.5%) Ni doped SnO2 for the 
excitation wavelength of 320 nm. Inset (a) is the energy level diagram explaining the excitation 
and emission process and (b) the CIE diagram showing the achromatic point in the red region.

PHILOSOPHICAL MAGAZINE 1097



acceptor levels, resulting in the high-intensity emission of wavelength in the red 
region. The visible emission spectrum of Ni-doped SnO2 is converted into (x, y) 
coordinates using luminescence data according to the Comission Internationale 
de l’Eclairage standard. The CIE 1931 RGB colour space and CIE colour space 
were created by the International Commission on Illumination in 1931. The 
experimental results were combined into the specification of the CIE RGB 
(red, green, and blue) colour space, from which the CIE XYZ colour space 
was derived. The chromaticity of NixSn1-xO2 (x = 0.025, 0.05, 0.075) depicted 
in inset (b) of Figure 5 concludes that its CIE coordinates are close to (0.707, 
0.287), which corresponds to the visible red region. Due to the incorporation 
of Ni2+ ions in the SnO2 host lattice, the chromaticity shifts from white to 
red, as demonstrated by the chromaticity diagram.

3.1.5. VSM hysteresis analysis
A non-destructive device, the Vibration Sample Magnetometer (VSM), 
measures the magnetism inside samples precisely and sensitively. This tech
nique is applicable to magnetic materials of the ferromagnetic, paramagnetic, 
and diamagnetic nature. A vibration sample magnetometer (VSM) can ascer
tain the magnetic characteristics such as coercivity, saturation magnetisation, 
and retentivity, as well as the origin of magnetism. Figure 6 depicts the mag
netic properties of Ni-doped SnO2 nanoparticles. Table 2 provides the magnetic 
parameters. The important experimental results observed are also embedded 
within the figure itself. Due to the 4 + valence state of Sn and the lack of 
unpaired electrons in the 4d10 electronic configuration, nanocrystalline SnO2 

that has not been doped displays little d0 magnetism. Due to the deposition 
of magnetic Ni2+ ions, the insertion of a dilute amount of Ni into the SnO2 

structure causes a transition from diamagnetism to ferromagnetism.
The expanded form of the M-H curve in Figure 6 inset (a) illustrates the 

magnetic coercivity and retentivity. Inset a of Figure 6 displays the asymmetric 
nature of hysteresis, and the formula Hc = (Hc+-Hc-)/2 calculates the coerciv
ity. This may be due to the coexistence of both ferro and anti-ferro magnetic 
domains. For the composition x = 0.025, we obtain a maximal magnetic satur
ation of 0.5 emu/g with mild ferromagnetism and coercivity of 149 Oe due to 
the increased number of unpaired electrons. Adding more dopants abruptly 
decreases the magnetisation at saturation. These results might be due to two 
things: the cancelling of magnetic moments between the non-collinear spin 
configuration of regular lattice site Ni2+ dopants and interstitial Ni2+ ions, 
and the Ni2+ and oxygen vacancies spinning in the opposite direction of 
each other. Inset (b) of Figure 6 shows the M2 versus H/M plot (Arrott 
Plot) for studying where the spontaneous magnetisation comes from. This 
shows that Ni0.025Fe0.975O2 is a soft ferromagnet (from the plateau region of 
the curve) with a low spontaneous magnetisation M = 0.5616 emu/g. Para
magnetism occurs when Ni is added beyond x = 0.025. The sample with 
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composition x = 0.025 has an abrupt ferromagnetic switching with a magneti
sation of nearly 0.5 emu/g under a modest applied coercive field of nearly 149 
Oe. This may result in a magnetic field-assisted conductivity phenomenon 
with sensor applications [37]. ESR analysis and peak search analysis from 
MEM confirm interstitial charges, as tabulated in Table 3. The peak search 
analysis at x = 0.075 reveals a maximum interstitial charge in the Ni2+ compo
sition, confirming the presence of Ni2+ interstitial ions on the regular lattice 
from the ESR analysis. When more Ni2+ ions are added to the Sn4+ host 
lattice, the interstitial charges go up. This charge has a big effect on the 
magnetisation.

Table 2. The magnetic parameters of Ni doped SnO2 with various composition (x = 0.025, 0.05 
and 0.075).
Parameters x = 0 x = 0.025 x = 0.05 x = 0.075

Magnetisation at 1.5 T (emu/g) 0.0021 0.5620 0.1038 0.1228
Coercivity Hc (kOe) 0.078 0.149 0.213 0.217
Spontaneous magnetisation (emu/g) – 0.1225 – –

Figure 6. VSM hysteresis analysis of Ni doped SnO2, showing a switching from d0 magnetism of 
SnO2 to soft ferromagnetism of Ni0.025Sn0.975O2. Further increase in Ni doping leads to paramag
netism. Inset (a) shows the expanded form of VSM plot for coercivity values and (b) Arrott plot, 
shows little spontaneous magnetisation for the 2.5% Ni doped sample.
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Table 3. Refined parameters of Rietveld refinement using Unit cell, JANA2006, MEM and peak search analysis.
Parameters x = 0.025 x = 0.05 x = 0.075

JANA2006
No. of electrons in unit cell (F000) 130.69 126.46 126
Cell constants (Rietveld) (Å) a, b = 4.744(2) c = 3.190(1) a, b = 4.749(5) c = 3.192(1) a, b = 4.748(3) c = 3.194(7)
Volume (Å3) 71.7926 71.9891 72.0039
X-ray Density (g/cm3) 6.887 6.600 6.588
Atomic position (O) x = y = 0.306 x = y = 0.299 x = y = 0.305
Biso(Å2) (Sn) 0.0316 0.0699 0.0984
Biso(Å2) (Ni) 0.8284 0.6096 0.5260
Biso(Å2) (O) 1.2621 1.3943 1.4376
Composition (Rietveld) expected Sn0.975Ni0.025O2 Sn0.95Ni0.05O2 Sn0.925Ni0.075O2

observed Sn0.966Ni0.035O2.012 Sn0.906Ni0.06O2.011 Sn0.884Ni0.098O2.008

Deficiency (cation) 2.23% 6.91% 7.07%
MEM
No. of cycles 343 305 497
No. of voxels/Unit cell 1769472 1769472 1769472
Prior density (e/Å3) F000/V 1.8202 1.7947 1.7437
Lagrange parameter λ 0.0046 0.0041 0.0025
Reliability index RMEM (%) 1.12 3.10 1.45
Weighted reliability index wRMEM (%) 1.45 2.72 1.65
MEM Peak Search analysis
Total charges in unit cell 130.69 126.46 126
Integrated Charges at Sn/Ni site 91.199 85.919 75.838
Integrated Charges at O site 36.394 32.007 34.489
Total charges at regular lattice sites 127.593 117.926 110.327
Integrated charges at interstitial 3.0961 8.534 15.673
% of charges at regular lattice sites % 97.63 93.25 87.56
% of charges at interstitial region % 2.369 6.74 12.43
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3.1.6. Electron spin resonance spectroscopy
The paramagnetic substance absorbs the frequency of the microwave region 
(0.04–25 centimetres) in electron spin resonance spectroscopy, causing a tran
sition between magnetic energy levels with unpaired spin. Atoms, molecules, 
and ions containing an odd number of electrons manifest magnetic properties. 
An electron has a spin, which causes a magnetic moment. Figure 7 displays the 
ESR spectra of Ni-doped SnO2 at room temperature for different compositions 
(x = 0.025, 0.05, and 0.075) along with the g factor values that go with them. The 
ESR spectral simulations reveal the presence of two different paramagnetic 
species, Ni2+ interstitial and Ni2+ substitutional. R. Nagata [38] studied the 
nickel ions in TiO2, observing three types of ESR centres originating 
from the Ni ions: substitutional Ni2+ ions, interstitial Ni2+ ions, and interstitial 
Ni3+ ions.

The effective g factor values are used to determine the oxidation states of the 
ions. ESR spectra of Ni2+-doped SnO2 absorption at the g factor between 2.307 
and 2.429 as the g perpendicular factor and the g parallel at 1.141 as an interstitial 
factor. Higher doping concentrations of Ni2+, exceeding 2.5%, lead to an increase 
in substitutional magnetisation, which then cancels with the interstitial Ni2+ site, 
thereby destroying the ferromagnetic behaviour. [39]. Furthermore, the ESR 
spectra of the sample do not identify the presence of Ni3+, as it falls within the 
g factor range of 4.78–6.12. This confirms the presence of only Ni2+ ions in 
the prepared samples, which is in accordance with XRD peak shift results.

Figure 7. ESR spectra of (2.5%, 5% and 7.5%) Ni doped SnO2 samples show the presence of 
both substitutional and interstitial Ni2+ ions.
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3.4. Computational techniques

3.4.1. Structural refinement
The Rietveld refinement procedure for profile fitting using JANA2006 software 
refined the powder XRD data of NixSn1-xO2 (x = 0.025, 0.05, 0.075) samples 
[24]. Figure 8 depicts the observed and fitted profile of Ni-doped SnO2 with 
2θ and intensity in arbitrary units. It shows a perfect match between the 
measured and calculated X-ray intensities. It also shows three more impurity 
peaks, one of which is for orthorhombic SnO2 (Pbcn [60]) and the other two 
are for metal Sn (I41/amd [141]). Some authors have already reported these 
impurity peaks [30]. Higher calcination temperatures above 500°C and tran
sition metal modification are the primary causes of the extra peaks. The 
model selection and refinement performed flawlessly, as evidenced by the 
very small reliability indices, wRp and Robs, close to 7% and the goodness-of- 
fit value close to one. Supplementary table S1 presents the observed structure 
factor (Fobs) and the calculated structure factor (Fcal), as well as the standard 
error of the observed structure factor (Fobs). Table S1 demonstrates that the 
difference between the observed and calculated structure factor and the stan
dard deviation is negligible, corroborating the refinement procedure’s perfec
tion and the crystallographic model’s choice. The refinement parameters and 
refined structural parameters are shown in Table 3. F000 is the number of elec
trons in the unit cell, Biso(Sn) (Å2) and Biso(O) (Å2) are the Debye–Waller 
factors for Sn and O, and these values are close to what has been reported. 
The total prior density of electrons in the unit cell drops from 130.68 to 
125.56 when Ni is added. This means that the low-electrons of Ni (Z = 28) 
moved into the high-electrons of Sn (Z = 50). The crystal density decreases as 
the Ni doping concentration increases, whereas the cell parameters and cell 
volume do not follow the same behaviour. This is due to the fact that there is 
a lack of incorporation of Ni2+ ions in the regular lattice Sn4+ host site; 
rather, they will be occupying non-regular interstitial sites. Despite the intersti
tial charge occupancy in all compositions, the composition x = 0.05 exhibits a 
noticeable intensity variation compared to the other two, likely due to the 
maximum residual charges at the non-regular interstitial sites. The MEM analy
sis, also discussed in Section 3.2.2, confirms the same result. Table 3 reports a 
small discrepancy between the expected and observed composition, which leads 
to the cation deficiency.

The cation deficiency is 2.23% for 2.5% Ni doping, and it significantly 
increases to 6.91% and 7.07% for 5% and 7.5% Ni doping, respectively. As 
explained in Section 3.1.3, this cation deficiency directly correlates with the 
UV-visible absorption intensity, where the SnO2 and 2.5% Ni-doped systems 
have the maximum absorption intensity and further Ni-doping decreases. 
Thermal vibration factors and isotropic Debye–Waller factor obtained by 
refinement are in accordance with the earlier reports [40].
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Figure 8. Rietveld refined observed and calculated X-ray intensity profile, showing the perfect
ness of refinement and the intensity variation seen for the composition x = 0.05 due to inter
stitial charge accumulation. Also, a little impurity phase of orthorhombic SnO2 and transition 
metal Sn phase is reported.
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3.4.2. Charge density in Ni doped SnO2 using MEM
The meticulous electron density distribution of the structure was obtained 
using the mathematical tool maximum entropy method (MEM), which maxi
mises the entropy due to the motion of electrons inside the unit cell [41]. 
MEM can yield highly reliable, accurate, and high-resolution electron density 
distribution even with a limited number of neutron/X-ray structure factors, 
as reported by various researchers [42–44]. The key factor for MEM calcu
lations is the zeroth-order single-pixel approximation method with a suitable 
Lagrangian parameter (λ) for a minimum number of iterations. The software 
Dysnomia is utilised for MEM calculations [45]. The software VESTA [27] 
clearly visualises the 3D and 2D distribution of electrons and the bonding 
nature between ions and atoms. For MEM calculations, the refined structure 
factor for the Bragg peaks and the structural parameters from the JANA- 
based Rietveld refinement are used as inputs. The unit cell is divided into 
(128 × 128 × 108) voxels for refinement, and all voxels are filled with uniform 
prior electron densities of 1.8202, 1.7947, and 1.7437 e/Å3, respectively, for 
2.5%, 5%, and 7.5% Ni doping. The MEM values of weighted reliability 
indices (wRMEM) for 2.5%, 5%, and 7.5% Ni doping are very low, 1.45%, 
2.66%, and 1.63%, respectively, which indicate the perfectness of MEM 
refinement.

In Figure 9, 3D MEM electron density mapping with an iso surface level of 
1.05 e/Å3 is shown. Six oxygen ions surround the body-centered Ni-doped Sn 
ion inside the unit cell, with two in the apical position and four in the equatorial 
position. 3D diagrams reveal complete differences in the nature and strength of 
(Sn/Ni-O) bonding in apical and equatorial positions across all Ni compo
sitions. The skewness of oxygen ions is more prominent in apical bonding 
than in equatorial bonding, and it reaches its peak at the 7.5% Ni doping com
position, indicating a highly covalent nature. This skewness may be due to the 
anharmonic thermal vibration of the oxygen ions. Both Sn and O ions show the 
anisotropy of the electron density distribution. Because electrons are not 

Figure 9. 3D MEM electron density distribution with different Ni doping with the iso surface 
level 1.05 e/Å3, showing the distinct apical and equatorial bond density, residual charges at 
the interstitial positions, other than regular Sn lattice dopant site.
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distributed evenly, the electronic polarisation effects are different for O-Sn/Ni- 
O ions at the apex and equatorial points. Furthermore, the 5% Ni composition 
clearly shows the interstitial charge accumulation. Figures 10 and 11 (a–c) show 
the 2D MEM electron density visualisation along the (001) and (110) lattice 
planes with contour levels (0–1.2 e/Å3) and intervals of 0.05 e/Å3. The 1D 
radial electron density profile in Figure 12 (a–d) shows the Sn/Ni-O apical, 
(b) Sn/Ni-O equatorial, (c) O-O, and (d) Sn/Ni-Sn/Ni critical bond density 
regions of different Ni compositions. The combined discussion of both 2D 
and 1D numerical electron densities between interaction ions will yield fruitful 
results. The 2D electron density in the (001) plane shows O-O interaction. The 
O-O bond critical point (BCP) electron density will be maximum for the com
position 2.5%, minimum for the composition 5%, and 7.5% for Ni doping. 
Additionally, the total energy density (shown in the table inside Figure 12(c)) 
is highest for the 7.5% Ni mixture and moderately low for the 2.5% Ni 
mixture. It is higher for the 5% sample. Both the results confirm the 
maximum and moderate polar covalency in the 7.5% and 2.5% samples, 
respectively, as well as the highly ionic-bonded nature in the 5% sample. The 
dominant tongue-like electron density for the 5% composition confirms the 
maximum non-regular interstitial charge accumulation, which is the 
minimum for other compositions.

The apical and equatorial (Sn/Ni-O) bonding can be seen in Figure 11 (a–c), 
which shows the 2D visualisation of electron density along with 1D numerical 
values embedded across the (1 1 0) plane. All samples exhibit a dominant and 
gradual increase in the apical (Sn/Ni-O) covalent nature, reaching its maximum 
covalency at 7.5% Ni doping. 7.5% Ni doping. The total energy density values at 
BCP from the table embedded in Figure 12 (a) back up the above argument, 
with a value as low as – 7.5% Ni showing the highest level of covalency. 
Another value that fits with the maximum oxygen atomic displacement 
shown in Table 3 is 1.001 Å, which is a relatively lower value for the 5% Ni com
position. It’s clear that the equatorial (Sn/Ni-O) bonding has a moderate 

Figure 10. Distribution of 2D MEM electron density along the (001) plane with contour level (0– 
1.2 e/Å3) and interval 0.05 e/Å3. Embedded are the numerical O-O mid-bond electron density 
values. The accumulation of interstitial charge is observed for the composition x = 0.05.
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covalent nature because it has the highest negative total energy density at the 
BCP value (−14.072 eV/Å3) and the highest electron density value (0.786 e/ 
Å3). The electron density is the lowest (0.407 e/Å3) and the total positive 
energy density is the highest (7.415 eV/Å3) at BCP for the 5% Ni composition. 
This shows that the electrons are grouped together, which leads to pure ionic 
bonding. The dominant interstitial charge accumulation for the 5% Ni compo
sition is also visible in the (110) plane. The (Sn/Ni – Sn/Ni) BCP electron 
density for all compositions is very small (nearly 0.05 e/Å3), and the total 
energy density is a small positive value (nearly 1.3 eV/Å3) and almost similar 
for all compositions. Due to the extension of spatial charges between the 
ions, 2.5% Ni doping in SnO2 (Sn/Ni-O) displays polar covalent bonding. 
While incorporating Ni in the SnO2 system, for 2.5%, the Ni occupancy is 
found to be higher on the regular lattice Sn sites, revealing a good dilution 
level of Ni in SnO2. When the doping level is increased to 5% of Ni, there is 
a complete change in the electronic structure due to the interstitial occupancy 
of much of the Ni/Sn ions, leading to defect chemistry by introducing defect 
like oxygen vacancy, oxygen and tin interstitial, oxygen and nickel interstitial, 
substitutional Ni ions with oxygen hole and pair of Ni ions with peroxide ion. 
Thus, higher number of oxygen vacancies will be introduced due to increased 
doping. If two Sn4+ ions are replaced by two Ni2+ ions together with O2– 

vacancy, the two oxygen vacancies associated with 3d dopants would be 
expected to trap the electrons. This defect chemistry is responsible for increase 

Figure 11. The 2D MEM electron density distribution for the (110) plane of NixSn1-xO2 (x =  
0.025, 0.05, 0.075) reveals the apical and equatorial Sn/Ni – O bonding, as well as a shift in 
the bond critical point. Bonding visualisations demonstrate maximal apical covalent bonding 
in the x = 0.075 sample.
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in electrical conductivity behaviour and diminishing magnetic properties as the 
defects due to more doping are likely to be electronic in nature rather than 
interstitial/vacancies.

3.4.3. Pair distribution function study
The pair distribution function (PDF) can be used to look at the local structure 
with XRD data in real space. It does this by using total scattering data that 
includes both Bragg peaks and diffuse scattering [46]. It provides useful par
ameters in a doped system, such as the nearest neighbour distance (first, 
second, third, etc.), number density, and average crystallite size. The software 
PdfgetX converts the experimental X-ray intensity data into a pair distribution 
function, while PDFgui performs the observed and calculated profile fitting. 
Figure 13(a–c) illustrates the Pair distribution function analysis (PDF) using 
experimental XRD data. The PDF profile that was fitted and observed is 
shown in Figure 13 (a, b). The y-axis is G(r), and the x-axis is the radial distance 

Figure 12. (a–d) 1D MEM electron density distribution of NixSn1-xO2 with x = 0.025, 0.05, and 
0.075, along with an inset table displaying bond critical point (BCP) distance, electron density, 
and total energy density at BCP. (a) The Sn/Ni-O apical interaction profile has electron density at 
BCP favourable of covalent bonding; (b) The Sn/Ni-O equatorial interaction profile has a 
decreasing electron density trend with Ni doping showing covalent to ionic transformation; 
(c) O-O and (d) Sn/Fe-Sn/Fe interaction profiles showing ionic interactions.
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from a reference atom r(Å). The bond length distribution of the SnO2 system is 
also shown. Figure 13 (c) displays the long-range order profile fitting, revealing 
crystallite sizes of 15, 9, and 17 nm for 2.5%, 5%, and 7.5% Ni-doped systems, 
respectively.

The observed crystallite sizes are comparable to those estimated by the 
Scherrer method. The weighted reliability index Rw is 13.25%, 18.65%, and 
10.88% for NixSn1-xO2 (x = 0.025, 0.05, 0.075), respectively, with a Q 
maximum of 6.94 Å−1. The first nearest neighbour distance turns out to be 
1.965, 1.942, and 1.946 Å, respectively, for 2.5%, 5%, and 7.5% Ni doping com
positions. The different Ni doping concentrations at the observed nearest 
neighbour distances result in a small SnO6 octahedron distortion. For the 
2.5% Ni-doped sample, the PDF bond search analysis shows only the crystallo
graphic structural bonds corresponding to rutile tetragonal SnO2. The other 
two samples have some additional bonds besides the structure leading to inter
stitial charge accumulation, as discussed by the Rietveld and MEM methods. 

Figure 13. (a–c) Pair distribution function analysis using experimental XRD data; (a) Fitted 
observed and calculated PDF for NixSn1-xO2 (x = 0.025.0.05, 0.075); (b) The calculated 
bonding length from PDF; (c) Crystallite size from observed peaks.
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The cell parameters show a slight increase in the unit cell’s volume, indicating 
Ni doping-induced unit cell expansion.

4. Conclusion

A straightforward, one-step chemical precipitation method was used to syn
thesise diluted compositions of Ni2+-doped SnO2 magnetic semiconductors 
with a rutile tetragonal structure. Electron spin resonance (ESR) investigations 
confirmed the presence of Ni2+ in all synthesised compositions. The absence of 
a peak shift implies complete Ni2+ doping, possibly in the host or interstitial 
lattice sites. Unlike previous findings, the optical analysis reveals that an 
increase in Ni doping leads to a widening of the energy band gap from 3.51 
eV to 4.09 eV and a decrease in the optical absorbance. In photoluminescence 
studies, the introduction of Ni2+ results in the generation of excess oxygen, 
leading to the emission of red light. A magnetic study at room temperature 
reveals a transition from diamagnetism to soft ferromagnetism, characterised 
by a magnetisation of 0.5 emu/g and a coercivity of 150 Oe as a result of the 
introduction of 2.5% Ni doping in pure SnO2. The introduction of more Ni 
doping leads to a decrease in magnetisation and paramagnetism. Both Rietveld 
and MEM techniques reveal that 2.5% doping causes the Sn4+ host site to 
experience the most dilution of Ni2+ ions. Additional doping causes interstitial 
charge buildup, defect appearance, and reduced magnetisation. It establishes an 
empirical relationship between magnetism and the electronic structure of 
MEM. The key findings for achieving saturation magnetisation are the 
proper dilution of Ni2+ ions in the Sn4+ host lattice without interstitial 
charge buildup, and the strong covalency of Sn/Fe-O bonds in both apical 
and equatorial positions. In SnO2 semiconductors, dilute Ni-doping will 
enhance soft ferromagnetism and optical band tuning.

5. Data transparency

The authors declare that all data supporting the findings of this study will be 
made available under request.
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ABSTRACT  
In this study, a grain boundary (GB) migration model based on 
crystal plasticity (CP) and phase field (PF) was constructed for 
recrystallization of magnesium alloys. The model introduced 
the stored energy field obtained by CP into the PF 
simulations, aiming to analyze the effect of the 
inhomogeneous stored energy generated under the plastic 
deformation on the GB migration. It was found that the 
curvature plays a more significant role in the inhomogeneous 
stored energy field than in the uniform deformation field. 
Although grains with hard orientation have a lower 
deformation storage energy, they are still partially swallowed 
due to mutual influence between GBs near the triple 
junction. The high energies in the original GBs increase the 
migration rate at the triple junctions locally for a short period 
of time, but it is not enough to make a significant difference 
over extended periods at mesoscopic scales. The simulation 
results in this study are helpful in explaining the previous 
experimental observations.
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1. Introduction

Grain growth largely dominates the microstructural evolution of polycrystalline 
metals [1], influencing their service properties through interactions with dislo
cations at grain boundaries (GBs) [2,3]. The migration behaviour of GB is cur
rently one of the important topics in the design of polycrystalline metallic 
materials [4–6].

In recent years, computer simulations have played an important role in 
investigating grain growth across various scales. At the atomic level, there 
are molecular dynamics (MD) simulations based on methods such as mean- 
curvature flow model [7] and disconnection model [4,8]. At the mesoscopic 
scale, there are vertex or front-tracking model [9,10], Monte Carlo models 

© 2025 Informa UK Limited, trading as Taylor & Francis Group 

CONTACT  Lin Yuan yuanlin@hit.edu.cn P.O. Box 435, No.92 West Dazhi Street, Harbin 150001, Hei
longjiang, People’s Republic of China

PHILOSOPHICAL MAGAZINE 
2025, VOL. 105, NO. 13, 665–683 
https://doi.org/10.1080/14786435.2025.2449817

http://crossmark.crossref.org/dialog/?doi=10.1080/14786435.2025.2449817&domain=pdf&date_stamp=2025-07-01
mailto:yuanlin@hit.edu.cn
http://www.tandfonline.com


[11,12], level set models [13], and phase-field models (PF). The PF is a typical 
method for simulating the microstructural evolution of complex morphologies, 
including phase transitions and recrystallization [14]. Due to its capability to 
naturally and accurately describe the curvature effects at interfaces, it has 
been demonstrated and made significant progress in grain growth simulations. 
The multi-order model proposed by Chen and Yang lays the groundwork for 
analyzing multigrain systems [15]. It has been adapted for normal grain 
growth by Fan and Chen [16] and Krill and Chen [17], and extended for ani
sotropic systematic grain growth by Kazaryan et al. [18]. Moelans et al. has sys
tematically analyzed the quantitative relationships between the parameters of 
the PF model and the GB energies and mobilities, providing uniform stability 
and accuracy conditions for the numerical solution [19].

In recent studies, the PF simulations have primarily concentrated on the 
evolution of GBs in the absence of deformation [5,20]. However, it was demon
strated that local irregularities exist in the deformation microstructure and the 
motion of the recrystallization boundaries [14,21]. Incorporating such irregula
rities into simulations helps to match the PF method with the plastic defor
mation process. Yadav et al. analyzed the boundary migration during 
recrystallization in a periodic stored energy field [22]. To approach the behav
iour of GBs under real deformation fields more accurately, it is effective to 
introduce a crystal plasticity (CP) model, which can predict the spatial evol
ution of dislocations within deformed polycrystalline microstructures [23]. It 
has been reported to be feasible to link the mechanical properties of inhomo
geneous materials to static recrystallized grain evolution by combining PF 
and CP [24,25].

In this paper, the plastic deformation field of polycrystalline magnesium at 
room temperature was obtained by CP simulation. The boundaries of recrystal
lized grains were constructed in the vicinity of specific original GBs, and the 
migration of boundaries near triple junction was simulated using PF. The influ
ences of the original GBs and the inhomogeneous deformation field obtained by 
plastic loading were mainly investigated. Additionally, the evolution and impact 
of triple junctions in the stored energy field at mesoscopic scales were analyzed.

2. Method

2.1. Crystal plasticity model

In the absence of thermal expansion, the deformation gradient F on a continu
ous scale can be represented by elastic and plastic components, and given as:

F = FeFp (1) 

where Fe denotes elastic deformation and lattice rotation, and Fp denotes the 
plastic deformation in unrotated and undeformed crystal lattice.
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Their corresponding velocity gradient L can be expressed as:

L = ḞF− 1 = Le + Lp (2) 

where Le and Lp are the elastic and plastic velocity gradient, respectively.
Based on Rice [26], Lp is expressed as the sum of the shear contributions:

Lp =
􏽘Ns

a=1
ġama ⊗ na +

􏽘Ntw

b=1
ġbmb ⊗ nb (3) 

where superscript a and b are the slip and twin modes respectively; ma(mb) is 
the unit vectors describing the slip or twin direction; na(nb) is the respective 
plane normal; ġ is the shear rate; Ns(Ntw) is the total number of the slip or 
twin systems.

The resolved shear stress t of the slip or twin systems is expressed as:

t = FT
e FeS · (m⊗ n) (4) 

where S is the material state variable.
The generalised Hooke’s law is used in the elastic deformation, while the 

plasticity law is adopted from the phenomenological crystal plasticity model 
[27], which applies to the slip and twinning of all crystal structures. The 
models used are summarised here for the completeness of the research meth
odology. The Düsseldorf Advanced Material Simulation Kit (DAMASK) [23] 
is used to implement the crystal plasticity simulations.

The resistance evolution on slip and twin systems is given as:

j̇
a
= hs− s

0 (1+ c1( f tot
tw )c2 (1+ ha

int)×
􏽘Ns

a′=1
|ġa

′

| 1 −
ja
′
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􏼌
􏼌
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􏼌
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′
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1
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+
􏽘Ntw
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ġb
′

hab′ (5) 

j̇
b
= htw− s

0

􏽘Ns

a=1
|ga|

􏼠 􏼡c3􏽘Ns

a′=1
|ġa

′

|hba′ + htw− tw
0 ( f tot

tw )c4
􏽘Ntw

b′=1

ġb
′

hbb′ (6) 

where h is the slip-slip and slip-twin interaction matrix, the 
hs− s

0 , htw− s
0 , htw− tw

0 , hint, c1, c2, c3 and c4 are model fitting parameters, j1 is 
bounding the resistance evolution, and f tot

tw is the total twin volume fraction, 
denoted as:

f tot
tw = max

􏽘Ntw

b=1
gb/g

b

char, 1.0

􏼠 􏼡

(7) 

where gbchar is the characteristic shear of the twin system b.
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The shear rates for slip and twin systems are calculated as follows:

ġa = (1 − f tot
tw )ġa0

ta

ja

􏼌
􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
􏼌

n

Sgn(ta) (8) 

ġb = (1 − f tot
tw )ġb0

tb

jb

􏼌
􏼌
􏼌
􏼌

􏼌
􏼌
􏼌
􏼌

n

H(tb) (9) 

where g0
. represents the reference shear rate, n is the stress exponent, and Sgn 

and H stand for Symbolic and Heaviside functions, respectively.

2.2. Phase field model

Based on the Ginzburg-Landau equation, the grain structure can be represented 
by a series of independent phase fields h1(r, t), h2(r, t), · · · , hp(r, t). For the 
tricrystal model, three PF variables hrex, hdef1, hdef2 are introduced, as given in 
Equations (10). In the recrystallized grain, deformed grain #1 and deformed 
grain #2, the corresponding PF variable is 1, and 0 in the other two variables.

∂hi(r, t)
∂t

= − L(u, f)
dF(hrex, hdef 1, hdef 2)

dhi(r, t)
(10) 

The free energy equation F is provided by the grain boundary energy F0 and the 
deformation stored energy Fs:

F = F0 + Fs (11) 

With shear deformation obtained from crystal plasticity simulations, the 
method of Arsenlis and Parks [28] is introduced to calculate the dislocation 
density, and given as:

raGN(e)b = − ∇g
a ·ma = − ga,ksak (12) 

raGN(s)b = ∇g
a · na = ga,kna

k (13) 

where raGN(e) and raGN(s) are positive geometrically necessary edge dislocations 
and screw dislocations on the slip system a, respectively, b is the corresponding 
burgers vector, sa is the unit vector of the slip direction, na is the unit vector of 
the slip plane, and ma = sa × na.

Introducing the plastic free energy P = 1/2rmb2 (m is the shear modulus, 
and r is the sum of raGN(e) and raGN(s)) [25], the deformation stored energy is 
expressed as:

Fs = P 1 −
h2

rex
h2

rex + h2
def 1 + h2

def 2

􏼠 􏼡

(14) 

The free energy equation F0 is used to characterise the grain boundary energies 
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as described by Moelans [29]:

F0 =
V
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k
2
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4

(16) 

Combining Equations (10)–(11) and Equations (14)–(16), the governing 
equation can give as:

∂hrex
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∂hdef2
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=− L
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2
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2.3. Simulation process and model parameters

A modified Voronoi model was utilised to establish the 3-D microstructure 
containing GBs with specific tilting angles. Based on the GB energies obtained 
from the molecular dynamics simulations, five representative GBs were set up, 
namely, 15°, 46.91°, and 61.91° symmetric tilt GBs for [1–210] [30], and 15° and 
72.88° symmetric tilt GBs for [0–1–10] [31], as shown in Table 1. These GBs can 
be captured in sections of the model in x-y direction, as shown in Figure 1. The 
initial model comprises 8 grains, with dimensions of 10−4m × 10−4m × 10−4m 
and a grid count of 106.

Table 1. Parameters of the set symmetric tilt GBs.
GB number Rotation axis Rotation angle GB energy (mJ/m2)

GbI [1–210] 15° 367
GbII [1–210] 46.91° 334
GbIII [1–210] 62.06° 105
GbIV [0–1–10] 15° 393
GbV [0–1–10] 72.88° 71
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Uniaxial compression simulations of magnesium were carried out using the 
established CP model. The elastic deformation parameters were adopted from 
single-crystal elastic constants calculated by Slutsky [32], while the plastic 
deformation parameters were adopted from Wang’s values of phenomenologi
cal crystal plasticity [33], as shown in Table 2. The model was subjected to uni
axial compression, as shown in Figure 2.

The regions near the set GBs at 1/4, 1/2 and 3/4 sections were selected for 
PF simulation. Flat and 120° GBs were constructed near the original GBs as 
shown schematically in Figure 3. The recrystallized grain and the original 
grains constitute a triple junction. The boundaries of the recrystallized 
grains are set as symmetric tilt GBs for [1–210], using the average energy of 
this type of GBs, 234.0 mJ/m² [30]. To enhance the precision of the simulation 
computations, the grid was re-subdivided via Lagrangian interpolation by 
rows.

The local misorientation in the simulation can be characterised by the distri
bution of the PF variables. Neglecting inclination dependence, the model con
stants can be calculated as Equations (20). The values of constants between 
different grains were obtained by calculations with the algorithm provided by 
Moelans [19]. Mixed boundary conditions were employed. Symmetric bound
ary conditions are applied to the model boundaries that are not connected to 
the GBs. For the model boundaries that are connected to the GBs, the PF vari
ables and the stored energy field are made symmetric along the normal 
direction of the GBs. The model parameters were set as follows: lgb = 6 × 10−7 

Figure 1. The GBs set in the microstructure.

Table 2. Constants of CP simulation for Mg.
Property Value Property Value Property Value

C11 59.50e + 9 S0,basal 10 × 106 S0,pyr(c+a) 60 × 106

C33 61.72e + 9 S1,basal 40 × 106 S1,pyr(c+a) 150 × 106

C44 16.46e + 9 S0,prism 55 × 106 h0,sl− sl 500 × 106

C12 25.62e + 9 S1,prism 135 × 106 s0,T1 40 × 106

C13 21.46e + 9 S0,pyr(a) 60 × 106 h0,t− t 50 × 106

– – S1,pyr(a) 150 × 106 h0,t− sl 150 × 106
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m, dx = 1 × 10−7 m, and a time step of dt = 0.005 s.
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(20) 

3. Results

3.1. Migration of flat boundaries during recrystallization

In the PF simulation, the points of hrex = 0.5 are extracted as the location of the 
boundaries of recrystallized grains. Figure 4 illustrates the migration of flat 
boundaries in the stored energy field generated by plastic deformation. The 
cloud diagram represents the distribution of the stored energy field near the 
GBs obtained by CP simulation. The grey areas indicate the constructed recrys
tallized grains. The boundaries of recrystallized grains at 3 × 104, 6 × 104, 9 ×  
104, and 12 × 104 time steps are marked by lines of different colours. Boundaries 
exhibit a faster migration rate in regions of high stored energy. When the stored 
energies are comparable, the boundaries of the recrystallized grains near triple 

Figure 2. Schematic diagram of the uniaxial compression.

Figure 3. Schematic diagram of the PF simulation for recrystallization.
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junctions migrate farther than the other regions, which results in a change in 
the grain boundary shape within a certain range.

For each point along the GB on the reference configuration, the average 
migration velocities over specific time intervals are calculated and denoted as 
VGB. Figure 5 illustrates the distribution of VGB centred on the triple junction. 
In each simulation, G.A and G.B represent the two original grains. Within the 
area of each original grain, the overall average migration velocity of all points 
along the boundary of the recrystallized grain is denoted as VGB, tol. In contrast 
to the GB migration behaviour under a uniform deformation field [34], there is 

Figure 4. Migration of the flat GBs near (a) GBI; (b) GBII; (c) GBIII; (d) GBIV; (e) GBV.

Figure 5. The VGB distribution of flat GBs near (a) GBI; (b) GBII; (c) GBIII; (d) GBIV; (e) GBV.
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a notable discrepancy in VGB, tol within the different original grains. The GB 
shape at the triple junction is formed during the initial stages of migration. 
During the first 3 × 104 s of the simulation, the VGB near the triple junction 
is significantly larger than that in the other regions. As time proceeds, the 
average migration rate in the region near the triple junction decreases. In con
trast, the change in VGB over time is less in regions outside the triple junction.

By integrating the curves on each side of the triple junction in Figure 5, the 
total average migration velocities within the G.A and G.B are calculated, as 
shown in Table 3. In the inhomogeneous plastic stored energy field, recrystal
lized grains exhibit distinct velocities in each original grains. There are signifi
cant variations in stored energy on both sides of GbI, GbIII, and GbV, and there 
are also large differences in the migration rates of their corresponding GBs. On 
both sides of GbV, where variations in stored energy are most significant, the 
value of VGB, tol within high stored energy grains is 3.8–4.4 times that of low 
stored energy grains. Near the remaining four GBs, the ratios of the VGB, tol 

values are 2.7–3.2, 1.2–1.3, 1.5–1.6, and 1.3–1.4, respectively. Among them, 
the migration speeds on both sides of GbII are comparable. There is no signifi
cant difference in VGB, tol across different time steps. The gradient of migration 
velocity within grains is much smaller than that between grains.

3.2. Migration of boundaries with 120° triple junctions during 
recrystallization

Figure 6 shows the evolution of 120° triple junctions constructed in the same 
region. The shape of the GBs is maintained and an overall migration occurs 
when the stored energy field changes slightly. In regions such as Figure 6(c), 
it can be observed that VGB is significantly higher in the high stored energy 
region compared to the low stored energy region, causing localised bulging 
of the GBs.

Quantification of the migration rate on the GBs is shown in Figure 7. Due to 
the differences in the angles and positions of the set GBs, the 120° GBs are not 
subjected to precisely the same stored energy field as the flat GBs. The distri
bution of VGB is close to but slightly different from that depicted in Figure 5. 
In addition, the VGB near the triple junction is significantly smaller than that 

Table 3. The total average migration velocities of the flat GBs.
Time steps Region GbI (10−8 m/s) GbII (10−8 m/s) GbIII (10−8 m/s) GbIV (10−8 m/s) GbV (10−8 m/s)

3 × 104 G.A 1.98 0.77 1.49 1.68 0.93
G.B 0.74 1 0.92 1.24 0.21

6 × 104 G.A 1.94 0.76 1.51 1.59 0.89
G.B 0.74 0.97 0.96 1.16 0.22

9 × 104 G.A 1.88 0.75 1.56 1.48 0.88
G.B 0.77 0.96 1.02 1.1 0.23

1.2 × 105 G.A 1.81 0.8 1.6 1.39 0.87
G.B 0.78 0.94 1.08 1.07 0.23
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of the flat GB. At the simulation scale, when the stored energy fields are similar, 
the boundaries of the recrystallized grains largely maintain their original shape.

The total average migration velocities of 120° boundaries within G.A and 
G.B are shown in Table 4. Across the five simulations, the ratios of VGB, tol 

for high stored energy grains to low stored energy grains are 2.1∼2.6, 
1.2∼1.3, 1.6∼1.9, 1.3∼1.7, and 3.8∼4.0, respectively. Similar to the character
istics of the flat GBs, the migration rate is close on both sides of GbII, while 
the ratio of VGB, tol is the largest on both sides of GbV. In addition, due to 

Figure 6. Migration of the 120° triple junction near (a) GBI; (b) GBII; (c) GBIII; (d) GBIV; (e) GBV.

Figure 7. The VGB distribution of 120° triple junction near (a) GBI; (b) GBII; (c) GBIII; (d) GBIV; (e) 
GBV.
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the inhomogeneous deformation within the grain under plastic loading, the 
regions swept by the 120° boundaries in the simulations of GbI and GbIII 
have a larger stored energy field than that of the flat GBs, and the results 
show that the VGB, tol is also slightly larger.

4. Discussion

4.1. Effect of the orientation of original grains

The PF simulation in this study involves six original grains with distinct grain 
orientations. By computing the average value of all VGB of these six grains, the 
relationship between the Schmid factors (SFs) of the original grains and the 
migration velocity at the GB can be explored, as shown in Figure 8. In polycrys
talline systems, the coordination among grains leads to deformation inhomo
geneities. Basal slip serves as the primary plastic deformation mechanism 
during room temperature loading. Grains with low SFs (less than 0.3) exhibit 
limited activation of basal slip, prompting neighbouring grains to accommo
date more dislocations for generating strain gradients, which provide a 
stored energy driver for GB motion. The overall trend illustrated in Figure 8

Table 4. The total average migration velocities near the 120° triple junction.
Time steps Region GbI (10−8 m/s) GbII (10−8 m/s) GbIII (10−8 m/s) GbIV (10−8 m/s) GbV (10−8 m/s)

3 × 104 G.A 2.22 0.94 1.84 2.13 0.97
G.B 0.86 1.14 0.99 1.28 0.24

6 × 104 G.A 2.08 0.92 1.86 1.85 0.95
G.B 0.86 1.16 1.08 1.22 0.24

9 × 104 G.A 1.95 0.9 1.89 1.67 0.94
G.B 0.88 1.14 1.14 1.19 0.25

1.2 × 105 G.A 1.84 0.9 1.89 1.53 0.93
G.B 0.89 1.12 1.18 1.15 0.24

Figure 8. The relationship between the SFs of original grains and VGB.
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shows that there is an indirect relationship between SFs and grain boundary 
migration rate. However, the total number of grains in the simulation is rela
tively small, and the coordinated deformation effect among grains is limited. 
Dislocations may still be activated in grains with hard orientation due to 
large stresses. The SFs and plastic deformation stored energy cannot strictly 
correspond to each other, as exemplified by the simulation of GBIV. Moreover, 
as plastic deformation increases, considering the activation of other defor
mation mechanisms such as grain rotation and grain boundary sliding, the 
relationship might be less clear.

Differences in stored energy among original grains have a profound impact 
on the shape of GBs. The GBs connected at the triple junction influence the 
migration of each other. In Figure 9, the evolution of GBs near the 120° 
triple junction is analyzed using GBII and GBIII as examples. Although the 
triple junctions maintain equilibrium during movement, the GBs curve in 
response to deformation energy. The GBs rapidly advance in regions of high 
strain, while in grains with low strain, the VGB is lower. The displacement 
difference between these two grains leads to relatively large curvature 
changes. The GBs adjacent to grains with high stored energy fields move in 
the opposite direction of the curvature radius. The movement is hindered as 
the system attempts to minimise energy as quickly as possible. In grains with 
low stored energy fields, the curvature radius is in the same direction as the 
GB movement, which promotes the movement of the GBs.

A larger difference in the migration distance of the boundaries results in a 
greater mutual influence between the connected GBs. For exploring the contri
bution of GB curvature on the mesoscopic scale, additional simulations focus
ing on the pure curvature effect were conducted based on the original results, as 
shown in Figure 10. The black line in the figure represents the migration of the 
120° GBs in the GBIII region in the previous section, when the GBs were sub
jected to a combination of deformation stored energy and GB free energy 
(denoted as S + G). The deformation field was then removed and the simulation 
was performed for another 5.4 × 105 time steps (denoted as G). Datas are 
recorded every 3 × 104 for the initial 9 × 104 time steps, marked with coloured 

Figure 9. The GB evolution near the 120° triple junction (a) near GBII; (b) near GBIII; (c) The 
energy minimisation process.
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solid lines. Subsequent dates are captured at 1.5 × 105 intervals and are marked 
with coloured dashed lines. The results show that curvature plays a more sig
nificant role in the dynamic process of GB migration within the plastic defor
mation field. Compared to 3 × 104(S + G) + 6 × 104(G), the mutual influence of 
the connected GBs is more severe at 9 × 104(S + G). Further simulation for 6 ×  
104(G) does not lead to significant changes in GBs. The GB cusps generated by 
inhomogeneous deformation fields cause a sharp rise in the instantaneous cur
vature effect, increasing the contribution of GB curvature in the recrystalliza
tion process. In contrast, in the absence of deformation fields, the evolution 
of GBs proceeds slowly. In addition, when the simulation time is long 
enough, the motion of the original GBs can no longer be ignored. The GBs 
between the three grains will migrate in a coordinated manner. This process 
will continue until the entire system reaches a steady state.

4.2. Effects of original grain boundaries

The growth process of a recrystallized grain involves both the boundaries of 
recrystallized grains and the original GB that it sweeps through. In this 
study, to compare the evolution of GBs under different plasticity stored 
energy fields, the boundaries of recrystallized grains were chosen to have homo
geneous GB energies and migration rates. However, it is anticipated that differ
ences in the GB energies of recrystallized grains will directly affect the migration 
process of the GBs. In regions far from the triple junction, the constants in 
Equations (17)–(19) can be calculated by the GB mobility (Mgb) and sgb 
approximately [29]: L = 4/3 ·Mgb/lgb, K = 3/4 · sgb · lgb, and m = 6 · sgb/lgb 
(Mgb is grain boundary mobility, and lgb is diffuse interface width).

When the inclination-dependence of the GB energy is neglected, the equili
brium dihedral angle can be calculated using Young’s law [35]:

g1
sin(b1)

=
g2

sin(b2)
=

g3
sin(b3)

(21) 

where gi is the GB energy, and bi is the dihedral angles.
To validate the dihedral angle of the phase field model, the non-equilibrium 

tricrystal structures were used for the simulation. Except for removing the 

Figure 10. Migration without deformation field after the (S + G) simulation for (a) 3 × 104 time 
steps; (b) 6 × 104 time steps; (c) 9 × 104 time steps; (d) 1.2 × 105 time steps.
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deformation field, the model parameters were the same as those used in the CP- 
PF simulation. After the system had reached stability, the triple junction angle 
was measured and denoted as βi’. Table 5 shows that the phase field model con
forms to Young’s law near the triple junction.

At the initial stage of the flat boundaries simulation, the macroscopic angles 
between the GBs are significantly larger than the equilibrium dihedral angle. In 
all simulations, regardless of how the stored energy field is distributed, the triple 
junction always exhibits a higher migration rate, leading to a change in the 
shape of the grain boundary. The PF model used in this study cannot reflect 
whether the migration speed is uniform at smaller scales. In Equations 
(17)–(19), the third term of the stored energy directly affects the migration 
rate, which results in uneven migration velocities under an inhomogeneous 
deformation field at this scale. Meanwhile, the macroscopic grain boundary 
shape also deviates considerably from the equilibrium angle at the triple junc
tion, as seen in the simulation of the 120° triple junction in GBIII. Only when 
the stored energy gradient is small will the triple junction obtain a relatively 
uniform migration velocity, as shown in Figure 6(b).

Apart from constituting triple junctions, the energy of the original GBs also 
contributes to the local GB migration. Table 6 shows the migration rates of 
triple junctions for five groups of flat GBs at the early stage of simulation. 
Within the first 1 × 104 time steps, the original GB energy, stored energy, and 
GB curvature collectively drive the triple junctions forward. As time proceeds, 
the migration rate at the triple junction decreases rapidly, approaching the 
value observed in regions distant from the triple junction.

In Equation (20), the simulation constants at the diffuse interface near the 
triple junction are calculated based on the PF variables. Higher original GB 
energies and mobilities would theoretically lead to triple junctions moving 
forward more significantly. To validate the point, we added multiple sets of 
simulations. The five sets of simulation constant values described in the pre
vious section were interchanged, and then the same boundaries of recrystallized 
grains were set. The results show that the migration rates at the GBs fronts 
differ by less than 1%. Even if a higher migration rate is provided by the original 
GBs, it is counteracted by the effect of the curvature. The energy of the original 
GBs is not sufficient to cause significant impact on mesoscopic scale.

Table 5. The triple junction dihedral angles under different GB energies. βi is the theoretically 
expected  angle, while βi’ is the angle measured from the simulation.

β1 β1’ β2 β2’ β3 β3’

GbI 141.6° 139.9° 109.2° 110.1° 109.2° 110.1°
GbII 135.5° 137.5° 112.2° 111.3° 112.2° 111.3°
GbIII 103.0° 101.6° 128.5° 129.2° 128.5° 129.2°
GbIV 147.1° 146.5° 106.4° 106.8° 106.4° 106.8°
GbV 98.7° 97.4° 130.6° 131.3° 130.6° 131.3°
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4.3. Comparison with experimental results

GB migration under stored energy fields in this study focuses on the annealing 
process after deformation. Not limited to room-temperature rolling or uniaxial 
compression, it is informative for various processes involving static recrystalli
zation. Boundary evolution over 6.6 × 105 time steps was demonstrated in the 
simulations, corresponding to a high temperature annealing for 55 minutes. 
The deformed grains can not be completely replaced by the recrystallized 
grains within a short period of time, when the residual deformation field still 
influences the migration of the boundaries of recrystallized grains.

In CP-PF simulations, it is predicted that grains with high SFs are more sus
ceptible to high stored energy fields and high migration velocities of the bound
aries of recrystallized grains. Moreover, the triple junctions coordinate 
boundary motions near original GBs by curvature. The tendency is consistent 
with what has been observed in static recrystallization experiments of Mg, 
where the recrystallized grain prefers to swallow grains with severe deformation 
when surrounded by multiple grains [36]. Yin demonstrates the influence of 
SFs and the effect of triple junctions on GB migration in annealed high- 
purity aluminum after cold rolling [37]. This is particularly important in the 
study of bimodal microstructures. In some of the current studies the annealing 
process was used to design the bimodal grain structure [38–40]. During incom
plete dynamic recrystallization, the growth of recrystallized grains has a dis
tinctly preferential direction. In hot rolling of Mg-Al alloys, Jin [41] found 
that grains with c-axis parallel to ND are in a hard orientation, and limited 
by the stored energy, are not easily swallowed by the surrounding grains via 
DRX. Although the effect on GB migration is multifactorial in polycrystals, a 
relatively large number of hardly oriented grains still remain, which can lead 
to an increase in the intensity of the basal texture in annealed samples [38]. 
The observation is well explained by CP-PF simulations.

In this study, a 2-D PF simulation is used considering the efficiency of com
puter simulation. However, in order to obtain a more accurate stored energy 
field, the CP model is built in a 3-D system. The deformation field on the 
cross-section ignores the gradient in the z-direction. The inhomogeneity in 
the z-direction also leads to differences in the mobility and acts on the cross- 
section through the curvature, which is a limitation in 2-D simulations. In 
addition, the programme cannot automatically determine the grain boundary 
migration direction based on phase field values or stored energy. In current 

Table 6. The migration rates of triple junctions at the early stage of simulation.
Time steps (×103) GbI (10−8 m/s) GbII (10−8 m/s) GbIII (10−8 m/s) GbIV (10−8 m/s) GbV (10−8 m/s)

0–5 2.40 2.26 2.83 3.13 1.73
5–10 2.00 1.85 2.49 2.56 1.42
10–20 1.57 1.29 2.17 2.18 1.01
20–30 1.44 1.29 2.01 1.98 1.01
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simulations, recrystallized and deformed grains must be manually differen
tiated. The stored energy term is negative in recrystallized grains and positive 
in deformed grains, guiding the boundary movement. This approach inevitably 
ignores the stored energy gradient between deformed grains.

Within the scale of the tricrystal model, the model boundaries can signifi
cantly influence the simulation results. The mixed boundary conditions used 
in this study effectively reduce the interference from these boundaries. At the 
model boundaries, the GBs exhibit a smooth transition. There are no significant 
boundary effects in Figure 4 and Figure 6. The differences in VGB at the model 
boundaries in some simulation results (Figure 4(c) and Figure 6(c)) are attrib
uted to the inhomogeneous stored energy field. Furthermore, it has been shown 
that the orientation relationship between the growing grains and the matrix can 
play a greater role in migration [42]. Though the gradient of the stored energy 
field is larger in this paper, this is still an issue worth considering. This research 
had to set up a homogeneous orientation relation in order to compare the effect 
of the stored energy field. When compared to experimental results, the model 
has higher accuracy at lower temperatures due to the greater influence of the 
stored energy field [43]. The respective contributions of GB energy and 
stored energy require larger computational models to compare.

5. Conclusions

In this paper, a CP-PF model for the boundary migration of recrystallized 
grains in the deformation field is developed. The migration of flat GBs and 
120° GBs under the stored energy field obtained by plastic deformation is ana
lyzed using the material parameters of magnesium. The main results are as 
follows: 

(1) Curvature has a more significant effect under inhomogeneous stored 
energy fields. The gradient in local migration distance generated by the 
stored energy field increases the nearby curvature. Otherwise, in the no- 
deformation simulation, the migration velocity of GBs with small curvature 
is slight.

(2) The orientation of the original grains affects the magnitude of the stored 
energy. Grains with soft orientation are more easily swallowed by the 
recrystallized grains during the annealing process after deformation. 
However, between original grains with large difference in the stored 
energy field, the migration of connected GBs will mutually influence 
each other, which causes the grains with hard orientation to be partially 
swallowed.

(3) When the angles at the triple junctions significantly deviate from equili
brium, the effect of GB energy on GB migration will exceed the defor
mation energy. The triple junctions of flat GBs exhibit a faster migration 
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rate compared to 120° GBs. The migration rate of triple junctions decreases 
as the simulation proceeds until it reaches stability.

(4) When the original grains are swallowed by the recrystallized grains, the 
energy difference of the original GBs has a small effect on migration vel
ocity, which is not enough to create a obvious phenomenon at the meso
scopic scale.

(5) The results of CP-PF simulation are consistent with the experiments, and 
the observations in experiments can be explained quantitatively by CP- 
PF simulation. This method has the potential for engineering applications 
in predicting the evolution of recrystallized microstructure under defor
mation and heat treatment processes.
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ABSTRACT  
By utilising the two-dimensional phase field model with the 
phenomenological anti-trapping current, the morphological 
pattern formation of particles within the alloy melt during 
the initial crystal growth is studied. The results of the 
numerical simulations elucidate that the two particles 
progressively converge and interact, ultimately coalescing 
into a microstructure, and subsequently, the microstructure 
interface undergoes deformation growth. To be specific, 
differential growth orientation across various parts of the 
microstructure interface prompts deformation during the 
initial crystal growth. The concentration and temperature 
evolutions of the different parts of the microstructure at 
different time points during the initial crystal growth are 
analysed. These findings enhance the comprehension of 
the fundamental mechanisms underlying the evolution of 
the microstructure during crystal growth.
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1. Introduction

The formation of morphological patterns during crystal growth is a compli
cated phase transition question characterised by both multiscale and multiphy
sics [1–5]. This physical phenomenon has an essential impact within the realm 
of material science [6–10]. Nucleated particles undergo a transforming develop
ment throughout crystal growth[11,12]. They begin with a simple morphologi
cal pattern and mature into complex morphologies such as dendritic, columnar, 
and cellular crystals in the late stage [13]. Numerous experimental investi
gations into the pattern formation during initial crystal growth have been 
carried out. Martinez and Flemings [14] conducted a pivotal study on the 
crystal morphology in the process of crystal growth. The findings showed 
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that crystalline particles exhibit an initial spherical morphology, which persists 
as they continue to grow. Li et al. [15] explored the pattern evolution during 
initial crystal growth, uncovering the formation of crystalline particles with dis
tinct globular characteristics. Reisi and Niroumand [16] studied the pattern 
evolution of succinonitrile particles. Their results indicated that under 
specific conditions, the pattern evolution of the particle initially adheres to a 
spherical morphology. Chen et al. [17] utilised transmission electron 
microscopy to research the particle shape evolution during initial crystal 
growth. They observed the progression in particle shape from spherical to 
cuboidal, then to petal-like forms, culminating in a division into eight sub- 
nanoparticles. Research efforts are not only focussed on experimental studies, 
but the significant advancements have also been made in the theoretical 
domain. Chen et al. [18,19] explored the growth dynamics of particles within 
undercooled and alloy melts, respectively, during initial crystal growth, employ
ing matched asymptotic expansion method. Their studies illuminated the 
phenomenon of local inward and outward growth in a particle, a mechanism 
instrumental in engendering a petal-like morphology.

Many researchers have conducted extensive research on the interactions 
between particles and the morphological pattern evolution of the interfaces 
of the formed microstructures [20–25]. Chang et al. [26] introduced a 
modified level set method to effectively model the interaction between particles 
and a solidifying interface. Their approach facilitated the interpretation of 
experimental results derived from directional solidification studies. Gong 
et al. [27] studied the interaction between two particles by using phase field 
model. Glicksman et al. [28,29] studied the microstructural pattern formation 
of the periodic grain boundary grooves under the influence of capillary field.

However, current theoretical research on this topic is limited, particularly in 
the fundamental understanding of particle-particle interaction in the initial 
stage of crystal growth. Here, particle-particle interaction during the initial 
crystal growth is analysed in depth using a thermodynamic phase field model 
including an anti-trapping current. The evolution of concentration and temp
erature in different parts of the microstructure at various time points during the 
initial stage of crystal growth is analysed.

2. Phase field model

Phase field simulations offer significant advantages in simulating the micro
structure evolution [30–44], as they facilitate the simulation of the multi- 
physics evolution, balancing detail and computational efficiency. This study’s 
numerical simulation is based on the premise that the solute’s diffusion 
within the solid phase is not considered in the computation and that the 
liquid and solid phases’ thermal diffusion coefficients are equal. The introduc
tion of the order parameter, denoted as f, constitutes a foundational concept 
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that discerns the phase characteristics in terms of both temporal and spatial 
dimensions. In this model, the variable f is assigned the value of 1 to denote 
the solid phase, whereas it is assigned the value of − 1 to signify the liquid 
phase. In the transition region between the solid and liquid phases, phase 
field f undergoes a continuous and smooth variation, seamlessly traversing 
the entire range from − 1 to 1.

The total free energy, F , of the system is expressed as follows:

F =

􏽚

V
f (f, c, T)+

1
2
42(∇f)2

􏼔 􏼕

dV, (1) 

where f (f, c, T) is the local free energy density, the concentration is c, 
4 = 40A(n) is the gradient energy, 40 represents the characteristic interface 
thickness, and the temperature is T. In the case of two-dimension, the aniso
tropy function A(n), with n as the unit vector in the normal direction of the 
phase, is defined as follows:

A(n) = 1+ b
f4

x − 2f2
xf

2
y + f4

y

∇f
􏼌
􏼌

􏼌
􏼌4

, (2) 

where β represents the strength of anisotropy, fx = ∂f/∂x and fy = ∂f/∂y 
represent the partial derivatives of f with respect to x and y, respectively. 
Equation (2) is expressed in its canonical form to characterise the anisotropy, 
as follows:

A(n) = 1+ b cos (4u), 

where the angle u = arctan (fy/fx) represents the angle subtended by the 
vector n with respect to the x-axis.

The phase field model is

Jf

∂f(x, t)
∂t

= −
dF(f, c, T)
df(x, t)

, (3) 

∂c(x, t)
∂t
= ∇ · Jc∇

dF(f, c, T)
dc(x, t)

− jat

􏼒 􏼓

, (4) 

∂T(x, t)
∂t

= a∇2T(x, t)+
L

2cp

∂f(x, t)
∂t

, (5) 

where L denotes the latent heat, R represents the gas constant, TM represents the 
melting point, n0 denotes the molar volume, α denotes the thermal diffusivity, 
Jf represents the kinetic mobility, D denotes the solutal diffusivity of the 
liquid, Jc =

n0
RTM

Dq(f)c, the function q(f) dictates the solute diffusivity behav
iour across the diffuse interface and cp denotes the specific heat. In Equation (5), 
the solute flux comprises two components: the first term, − Jc∇

dF
dc, applies 

Fick’s law of diffusion within the liquid phase [45]. The second term, the 
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phenomenological anti-trapping current, 40�
2
√ [1+ (1 − k)c] ∂f

∂t
∇f
|∇f|

, as proposed 
by [46], is designed to counteract spurious solute trapping and suppress 
unwanted thin-interface effects. This current flows directly from the solid 
phase into the liquid phase perpendicular to the interface, with a magnitude 
proportional to both the interface thickness and velocity ∂f

∂t (directed along 
− n). While other terms in the model are derived variationally from a corre
sponding free energy functional, the anti-trapping current is introduced on a 
phenomenological basis.

The local free energy density of the alloy, f (f, c, T), which exhibits local 
minima corresponding to the two coexisting phases, is mathematically 
expressed as the sum of the free energy of the pure material, fp, and the 
additional contribution from the presence of solute, fAB. The expression for 
f (f, c, T) is given in the following form

f (f, c, T) = fp + fAB

= f (f, TM)+ fT(f)DT + TM
R(c ln c − c)

n0
+ ec+ De

cg̅(f)
2

,
(6) 

where

f (f, TM) =
1
4

H f4 − 2f2( 􏼁
,

fT(f) =
∂f (f, T)
∂T

􏼌
􏼌
􏼌
􏼌
T=TM

=
RTM

n0m
e

1+g̅(f)
2 ln k

􏼂 􏼃

, 

where DT = T − TM, g̅(f) is an interpolation function with g̅( + 1) =+1, H 
is a barrier height and

e =
es + el

2
, De = es − el.

Equations (4) and (5) are substituted into Equation (1), yielding the following 
result

1
HJf

∂f

∂t
= f − f3 −

R ln (k)
2Hv0

TMg̅′(f) c −
e

1+g̅(f)
2 ln k

􏼂 􏼃

m
DT

⎡

⎣

⎤

⎦

+42
0∇ · A2∇f

( 􏼁
− 42

0 AA′fy

􏽨 􏽩

x
+42

0 AA′fx
􏼂 􏼃

y,

(7) 

∂c
∂t
= ∇ · q(f)Dc∇ ln (c) −

g̅(f)
2

ln (k)
􏼔 􏼕

− jat

􏼒 􏼓

, (8) 
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where

g̅′(f) =
∂

∂f
g̅(f), A′ =

∂

∂u
A, q(f) =

1
1+ k − (1 − k)f

(1 − f),

AA′fy

􏽨 􏽩

x
=
∂

∂x
AA′fy

􏼐 􏼑
, AA′fx

􏼂 􏼃

y=
∂

∂y
AA′fx
( 􏼁

.

U = ln ( c
c1

) − 1+g̅(f)
2 ln k, where c1 denotes the concentration far from the 

interface, corresponding to the solute’s original concentration. The expression 
e[1+g̅(f)

2 ln k] =
1+k− (1− k)g̃(f)

2 can be employed to derive the limiting condition 
g̃( + 1) =+1, which parallels g̅(f). Consequently, Equations (8) and (9) can 
be reformulated as follows

1
HJf

∂f

∂t
= f − f3 −

R(1 − k)
2Hv0

TMc1g̃′(f) eu −
1

mc1

DT
􏼔 􏼕

+42
0∇ · A2∇f

( 􏼁
− 42

0 AA′fy

􏽨 􏽩

x
+42

0 AA′fx
􏼂 􏼃

y,
(9) 

∂c
∂t
= ∇ · q(f)Dc∇u − jat

( 􏼁
, (10) 

where m is the liquidus slope.
To simplify the model and perform numerical calculations, we utilise dimen

sionless variables

c̃ =
1

1 − k
(eu − 1), T̃ =

1
L/cp

(DT − mc1), t̃ =
1
k0

t,

x̃ =
1
l

x, ỹ =
1
l

y.

Therefore, the following presents the dimensionless model:

zf
∂f

∂t
= f − f3 − l 1 − f2( 􏼁2 Mc1c+ T( )

+ v2∇ · A2∇f
( 􏼁

− v2 AA′fy

􏽨 􏽩

x
+v2 AA′fx

􏼂 􏼃

y,
(11) 

(1+ k)
∂c
∂t
= ∇ · (1 − f)D∗∇c+

v
��
2
√ [1+ (1 − k)c]

∂f

∂t
∇f

|∇f|

􏼚 􏼛

+
∂

∂t
{f[1+ (1 − k)c]},

(12) 

∂T
∂t
= a∗∇2T +

1
2
∂f

∂t
, (13) 
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where

v =
40

l
, D∗ =

Dk0

l2
, a∗ =

ak0

l2
,

zf = A2 ×
1
Le
+Mc1[1+ (1 − k)c]

􏼚 􏼛

, 

where λ is a coupling constant, M = − mcp(1− k)
L , z0 is the relaxation time and the 

Lewis number Le = a
D. In Equation (14), the last component on the right-hand 

side represents the source term connected to the release of latent heat during 
the crystal formation process. In Equation (12), the term of (Mc1c+ T) 
within the equations signifies the heat-solute driving force inherent in the 
crystal growth process, and

v2
0∇ · A2∇f

( 􏼁

= 2v2
0A

fxy(f2
x − f2

y) − fxfy(fxx − fyy)
f2

x + f2
y

+ v2
0A2∇2f,

(14) 

v2
0 AA′fy

􏽨 􏽩

x
=

16bv2
0fy

f2
x + f2

y

􏼐 􏼑
5

× bf8
xfxxfy − 28bf6

xfxxf
3
y + 70bf4

xfxxf
5
y − 28bf2

xfxxf
7
y

􏽮

+ f8
xfxxfy − 4f6

xfxxf
3
y − 10f4

xfxxf
5
y − 4f2

xfxxf
7
y

− 2bf9
xfxy + 34bf7

xfxyf
2
y − 70bf5

xfxyf
4
y + 22bf3

xfxyf
6
y

+ 2f7
xfxyf

2
y + 10f5

xfxyf
4
y + 6f3

xfxyf
6
y − 2f9

xfxy

+bfxxf
9
y + fxxf

9
y

􏽯
,

(15) 

v2
0 AA′fx
􏼂 􏼃

y= −
16bv2

0fx

f2
x + f2

y

􏼐 􏼑
5

× 22bf6
xfxyf

3
y − 70bf4

xfxyf
5
y + 34bf2

xfxyf
7
y + 6f6

xfxyf
3
y

􏽮
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xfxyf
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xfxyf
7
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xf
2
yfyy + 70bf5

xf
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xf
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yfyy + bfxf
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xf
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xf
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xf
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yfyy + fxf
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xfyy + f9
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9
y

− 2fxyf
9
y

􏽯
.

(16) 
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3. Simulation results and discussion

The Cartesian lattices that constitute the basis for the spatial discretization of 
Equations (12), (13), and (14) have the same spatial step Dx = 0.01 in both 
the x and y directions. An explicit Eulerian strategy with a time step of 
Dt = t0 = 10− 5 is used to advance the phase field model within the temporal 
domain. For calculations involving multiple particles, Neumann boundary con
ditions are employed at the boundaries surrounding the variables f, c, and T to 
ensure no diffusion across these boundaries. Nuclei with a radius of R are 
initially positioned close to the computational domain’s centre in the model 
that is being presented. This initial configuration does not consider the nuclea
tion process. Thus, the initial conditions are established to

(x − x0)2 + (y − y0)2 ≤ R2, f = 1, T = D, c = c1,
(x − x0)2 + (y − y0)2 . R2, f = − 1, T = D, c = c1.

(17) 

Table 1 summarises the thermodynamic parameters of Cu-Ni alloy referred to 
literatures [47–49]. The latent heat, L, the thermal diffusivity, α, and the specific 
heat capacity, cp, of Cu-Ni alloy can be calculated via the relations

L = c1LNi + (1 − c1)LCu,
a = c1aNi + (1 − c1)aCu,
cp = c1cNi

p + (1 − c1)cCu
p .

(18) 

The intricate situations that arise during the evolution process of a system 
featuring two crystal particles during the initial crystal growth are studied. 
Figure 1 shows the interaction of two particles at the position shown in the 
figure during the initial crystal growth. As shown in Figure 1, the two particles 
progressively converge and interact after nucleation, eventually merging to 
form a microstructure. The black arrows in the figure indicate the growth direc
tion of the microstructural interface. Upon the formation of the microstructure, 
parts of the interface of the microstructure exhibit inward growth beyond a 
critical dimension. In contrast, other parts demonstrate outward growth 
from the critical dimension. This growing inward leads to rapid deformations 
near [110], [11̅0], [1̅10] and [1̅1̅0] in the microstructure, resulting in a 

Table 1. Cu-Ni alloy parameters.
Symbol Meaning Physical value

T Cu
m (K) Melting temperature of Cu 1358

T Ni
m (K) Melting temperature of Ni 1728

LCu (J ·m− 3) Latent heat of Cu 1.728× 109

LNi (J ·m− 3) Latent heat of Ni 2.35× 109

cCu
p (J ·m− 3 · K− 1) Specific heat capacity of Cu 3.96× 106

cNi
p (J ·m− 3 · K− 1) Specific heat capacity of Ni 5.42× 106

k Equilibrium partition coefficient 0.3
aCu (m2 · s− 1) Thermal diffusivity of Cu 4.2× 10− 5

aNi (m2 · s− 1) Thermal diffusivity of Ni 1.55× 10− 5

D (m2 · s− 1) Diffusivity coefficient 1× 10− 9
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deforming shape formation, until the growth rate reaches zero. After the inward 
growth, the microstructure overall exhibits outward growth.

The growth characteristic of the microstructure in this stage is illustrated by 
the kinetic trajectories at different times, as shown in Figure 2. Initially, the 
microstructure contracts inward from the boundary of the critical dimension. 
This inward growth proceeds until reaching a critical point, beyond which 
the growth direction reverses outward. Following this transition, the micro
structure exhibits steady growth without any notable abrupt transformations.

Figure 1. (Color online) The temporal evolution of interaction of two particles during the initial 
crystal growth.
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Figure 3 portrays the variation of concentration along the different parts of 
the microstructure interface at different times. It is seen that during the initial 
crystal growth, the concentration along the microstructure interface increases 
with time and the concentration difference exists between the deformation 
growth part along the [110] direction at the microstructure interface and the 
constantly outward growth part along the [010] direction. This phenomenon 
is further illuminated in Figure 4, which illustrates the concentration variation 
along the microstructure during the initial crystal growth. This concentration 
difference between the deformation growth part along the [110] direction at 
the microstructure interface and the constantly outward growth part along 
the [010] direction decreases with time until it culminates within a specific 
time span, denoted as 10t0 , t , 15t0. As can be seen from Figure 4, after 

Figure 2. (Color online) The temporal evolution of microstructural deformation during the 
initial crystal growth.

Figure 3. (Color online) The concentration variation of the different parts along the microstruc
ture during the initial crystal growth.
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the concentration difference reaches the minimum, the rates of concentration 
increase along the different parts of the microstructure interface undergo a 
gradual decline with time, but the speed size is significantly different. This 
leads to an increasing concentration difference. It implies that during the 
initial crystal growth, the concentration along the microstructure interface 
undergoes complex variation with time, and the rates of concentration increase 
across distinct parts variate with time.

The temperature variation of the different parts of the microstructure inter
face at different time points is shown in Figure 5. It can be seen that the temp
erature along the microstructure interface increases with time and the 
temperature difference exists between the deformation growth part along the 
[110] direction at the microstructure interface and the constantly outward 
growth part along the [010] direction. Furthermore, the temperature difference 
reaches its maximum value at t = 15t0. Before t = 15t0, initially, the tempera
ture of the deformation growth part along the [110] direction at the microstruc
ture interface is higher than the constantly outward growth part along the [010] 
direction. The phenomenon is further illuminated in Figure 6, which illustrates 
the temperature difference variation along the microstructure interface during 
the initial crystal growth. In t0 , t , 15t0, this temperature difference between 
the deformation growth part along the [110] direction at the microstructure 
interface and the constantly outward growth part along the [010] direction 
increases with time until it culminates at t = 15t0. Following the maximum 
at t = 15t0, the temperature difference decreases with time until it approaches 
zero, culminating in the equilibration of temperatures after t = 90t0. It implies 
that during the initial crystal growth, in t0 , t , 15t0, the deformation growth 

Figure 4. (Color online) The concentration difference between the deformation growth part 
and part of constantly outward growth along the microstructure during the initial crystal 
growth.

786 N. LIU ET AL.



part along the [110] direction at the microstructure interface exhibits higher 
temperatures compared to the constantly outward growth part along the 
[010] direction. The temperature difference between the deformation growth 
part along the [110] direction at the microstructure interface and the constantly 
outward growth part along the [010] direction during the initial crystal growth 
follows a nuanced pattern: before t = 15t0, it increases; after t = 15t0, it 
decreases. Following t = 15t0, the deformation growth part along the [110] 
direction at the microstructure interface display lower rate of temperature 

Figure 5. (Color online) The variation of temperature along the different parts of the micro
structure interface during the initial crystal growth.

Figure 6. (Color online) The temperature difference between the deformation growth part and 
part of constantly outward growth along the microstructure during the crystal growth.
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increasing compared to the constantly outward growth part along the [010] 
direction, leading to a decreased temperature difference.

The intricate situations that arise during the evolution process of a system 
featuring two crystal particles during the initial crystal growth are studied. 
Figure 7 shows the interaction of two particles at the position shown in the 

Figure 7. (Color online) The temporal evolution of interaction of two particles during the initial 
crystal growth.
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figure during the initial crystal growth. As shown in Figure 7, the two par
ticles progressively converge and interact after nucleation, eventually 
merging to form a microstructure. The black arrows in the figure indicate 
the growth direction of the microstructural interface. Upon the formation 
of the microstructure, parts of the interface of the microstructure exhibit 
inward growth beyond a critical dimension. In contrast, other parts demon
strate outward growth from the critical dimension. This growing inward 
leads to rapid deformations near [110], [11̅0], [1̅10] and [1̅1̅0] in the micro
structure, resulting in a deforming shape formation, until the growth rate 
reaches zero. After the inward growth, the microstructure overall exhibits 
outward growth.

The growth characteristic of the microstructure in this stage is illustrated 
by the kinetic trajectories at different times, as shown in Figure 8. Initially, 
the microstructure contracts inward from the boundary of the critical dimen
sion. This inward growth proceeds until reaching a critical point, beyond 
which the growth direction reverses outward. Following this transition, the 
microstructure exhibits steady growth without any notable abrupt 
transformations.

Figure 9 illustrates the concentration distribution during the initial crystal 
growth. The figure demonstrates that there is a concentration difference 
between the interior and exterior of the microstructure during the initial 
crystal growth. The microstructure formed during the initial crystal growth is 
surrounded by a melt of higher concentration.

Figure 10 illustrates the temperature distribution during the initial crystal 
growth. The figure demonstrates that there is a temperature difference 
between the interior and exterior of the microstructure during the initial 
crystal growth. The microstructure formed during the initial crystal growth is 
surrounded by a melt of higher temperature.

Figure 8. (Color online) The temporal evolution of microstructural deformation during the 
initial crystal growth.
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4. Conclusions

The particle-particle interaction in an alloy melt during the initial crystal 
growth are studied using a two-dimensional thermodynamically consistent 
phase field model with an anti-trapping current. The results of the simulations 
show that the two particles progressively converge and interact after nucleation, 
eventually merging to form a microstructure, and then the microstructure 
interface undergoes deformation growth. Through the analysis of concen
tration and temperature variations along the microstructure interface at 
specific time intervals, this study reveals that, during the initial crystal 
growth, both concentration and temperature exhibit complex fluctuations. 

Figure 9. (Color online) The concentration distribution of the microstructure during the initial 
crystal growth.

Figure 10. (Color online) The temperature distribution of the microstructure during the initial 
crystal growth.
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These results will enhance our understanding of the fundamental mechanisms 
governing the initial crystal growth.
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ABSTRACT  
One of the possible mechanisms of metal plasticity is shear-coupled 
migration of grain boundaries under applied mechanical stress. 
Several different approaches to the description of shear-coupled 
migration of grain boundaries and to the prediction of the 
coupling factor exist in the literature. Some of them are based on 
the solution of Frank–Bilby equation and consideration of grain 
boundary (GB) dislocation content; other is based on 
consideration of disconnection glide along the GB. The first 
approach describes the boundary as an array of dislocations; the 
second one considers the glide of disconnection along a 
dislocation-free boundary. Despite the existence of opinions that 
these approaches are incompatible, we demonstrate internal 
interrelation between them by consideration of shear-coupled 
migration of Σ3(111) boundary in face-centred cubic copper. It is 
demonstrated that there is no contradiction between approaches 
and their combination can help to understand the physical 
mechanisms of shear-coupled boundary migration.
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KEYWORDS  
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Introduction

Shear-coupled grain boundary (GB) migration is an important deformation mechan
ism in a variety of metallic materials. The Σ3 twin boundary (TB) is a special type 
of GB in face-centred cubic (FCC) metals. The migration of the Σ3 boundary 
has attracted substantial interest due to its impact on mechanical properties such 
as strength, ductility, and fatigue resistance. The Σ3 TB can undergo shear-coupled 
migration, especially under applied stress. During this process, the boundary 
migrates by coupling with an applied shear, which allows the material to accommo
date plastic deformation.

Recent advancements in computational materials science have provided more in- 
depth atomic-level knowledge into shear-coupled GB migration, particularly through 
MD simulations that reveal how partial dislocations drive the migration process [1–8]. 
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The response of the GB to the applied stress depends on its dislocation content [9]. There 
are different approaches available for the description of the migration-shear coupling 
mechanisms and prediction of the coupling factor. The classical approach describes 
the boundary as consisting of an array of intrinsic dislocations [10–12].

Dislocation content of such grain boundaries in connection with migration-shear 
coupling can be predicted by the geometrical model of coupling derived from the 
Frank–Bilby (F-B) equation and can serve for the calculation of the migration- 
shear coupling factors as described, for instance, by Molodov and Molodov [13]. 
Another approach to solving the migration-shear coupling problem can be called 
as ‘disconnection approach’. The disconnection is a crystallographic defect that com
bines dislocation and interfacial steps. It can be characterised by Burgers vector and 
step heights [14]. Boundary migration is mediated by glide of the steps on the 
boundaries in this case. In general, predictions of both approaches are not necess
arily the same.

It is commonly accepted that the mentioned models do not have equal physical basis. 
The F-B approach has value due to its simplicity and geometric transparency, but it is a 
heuristic model with known limitations. For example, a coherent TB exhibits no elastic 
distortion in the vicinity of the boundary, suggesting that, strictly speaking, there are no 
line defects present. The F-B approach forces one to include dislocations to account for 
the misorientation, even if those dislocations produce no elastic fields. This contradiction 
is rationalised using the concept of continuous distributions of dislocations that generate 
no elastic strain. Although this fact can be mathematically defensible, it invokes doubts 
about the physical realism of the F-B framework for such boundaries. In contrast, the 
disconnections are real defects: their dislocation character distorts the lattice, and their 
steps move under applied stress.

It was demonstrated previously that experimentally observed coupling factor cannot 
be derived in many cases from GB dislocation content obtained from the single solution 
of the F-B equation [13]. The correct value can be obtained only by mixing different 
solutions.

The current work provides a theoretical analysis of Σ3 boundary migration in Cu on 
the basis of atomistic simulations. The coupling factor is calculated by considering the 
dislocation content of grain boundaries. It is demonstrated that the physical mechanism 
resulting in the mixing of several F-B equation solutions is the gliding of the disconnec
tion step along the boundary. It is worth noting that such mixing was considered in 
previous literature, however, as more or less purely a mathematical trick, and its physical 
mechanism was unclear. Present studies shed light on the physical mechanism and 
provide the link between the disconnection approach and other approaches for the 
predictions of the shear-migration coupling factor.

Methodology

Theoretical framework shear-coupled TB migration

Normal GB motion is often coupled with tangential grain translation, leading to shear 
deformation, and conversely, applied shear stress can induce GB motion. The effective
ness of the shear stress is given in terms of coupling factor (C.F.) b, which is the ratio of 
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shear s (lateral displacement of grains) to the normal displacement d of the GB

b =
s
d
=

vt

vn
(1) 

where vt is the tangential velocity of the grains and vn is the normal velocity of the 
migrating GB. Cahn et al. theory [12, 15] predicts that the coupling factor depends on 
the geometry of the GB, commonly described by the rotation axis and the misorientation 
angle.

GB dislocation content from solution F-B equation: alternative solutions

Frank–Bilby equation is a continuum equation whose solution defines the dislocation 
content of grain boundaries. It relates the misorientation between two grains to the 
Burgers vector content of the dislocations in the boundary [16]. The equation is as 
follows:

B = (R− 1
T − I)p (2) 

where I is the identity matrix, RT is the rotation matrix, p is a unit vector in the GB plane 
and B is the Burgers vector of a defect called a ’surface dislocation’ representing a grain 
boundary. For symmetric tilt grain boundaries, the equation simplifies the task of iden
tifying the suitable dislocation configuration that meets the geometric limitations dic
tated by the grain misorientation.

To determine the shear produced by the migrated boundary, Cahn et al. used the idea 
of surface dislocation in their coupling model. They assumed that the surfaces dislocation 
with Burgers vector B slips in the direction h2 in a plane (K2) that is invariant to the 
simple shear caused by the migrating boundary and produces shear in that direction. 
Therefore, B = Bĥ2 with ĥ2 being a unit vector parallel to the slip direction of the 
surface dislocation. Then, a subsequent rotation around the shear plane normal is 
needed to smoothly align the lattice of one crystal with another.

In order to calculate the coupling factor, consider the solutions for B that satisfies the 
condition for simple shear along the boundary plane in h1 direction that is perpendicular 
to the boundary plane normal. The C.F. can be calculated as follows:

b =
B

ĥ2.m̂K1

(3) 

where m̂K1 is the unit normal of the shear plane K1. Equation (3) predicts the C.F. for 
both high and low-angle misorientations.

The coupling factor is determined by the GB crystallography and can take either posi
tive or negative values depending on the mode of migration. In Cahn model, Burgers 
vector can be parallel to either <001> or <110> directions which corresponds to two dis
tinct coupling modes [15]. The two dominant shear coupling modes are given by 
b1 = 2 tan u

2

( 􏼁
and b2 = − 2 cot u

2

( 􏼁
, where θ is the misorientation angle of the GB. 

These modes correspond to distinct dislocation structures that accommodate shear- 
coupled migration.
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Later, Suzuki and Mishin [17] confirmed the theoretical predictions through molecu
lar dynamics (MD) simulations in metals like Ni, Al and Cu. Their work showed that GB 
migration is often accompanied by shear, but deviations from the theoretical predictions 
were also observed [18]. Straightforward application of the expressions for the coupling 
factor derived based on the geometric model described by Homer et al. [18] failed to 
reproduce the correct β values known from the literature in many practically important 
cases, e.g. for the shear produced by migrating twin boundaries in both FCC and hexa
gonal close packed crystal structures [13]. It was demonstrated previously that the exper
imentally observed coupling factor cannot be derived from the GB dislocation content 
obtained from the single solution of the F-B equation. In many cases, the correct value 
can be obtained only by mixing of two solutions.

Molodov and Molodov [13] proposed a generalised formula for the calculation of the 
coupling factor for GBs over different crystal structures.

bm = 2m tan
uc

2

􏼒 􏼓

− 2(1 − m) tan

2p
n
− uc

2

⎛

⎜
⎝

⎞

⎟
⎠ = mb1 + (1 − m)b2 (4) 

where uc is the smallest tilt angle (the lowest misorientation angle of a pure tilt descrip
tion of the boundary), µ is the weighting factor that is introduced to constitute the 
balance between two elementary coupling modes (with values typically limited to 
simple rational numbers 0, 2/3, 1/2, 3/4, 1), b1 and b2 are coupling factors of the elemen
tary modes, n is the order of rotational symmetry of the tilt axis which is associated with 
tilt angle uc. The selection of µ depends on the combination of arrays of dislocations with 
different Burgers vectors for shear-coupled boundary migration. The µ factor describes 
the formal balance between arrays of dislocations of different Burgers vectors. Therefore, 
according to Equation (4), the coupling factor for a given GB or TB is calculated from a 
combination of two elementary coupling modes. One elementary mode corresponds to 
the formal description of GB with the tilt angle uc, while the other corresponds to the tilt 
angle 2p

n − uc.

Simulation methods

The S3(111) coherent TB in FCC Cu was generated using two Python-based scripts, 
csl_generator.py and gb_generator.py. [19]. The simulation block has dimensions of 
12.38742 nm × 1.2866 nm × 35.58318 nm and contains 24,000 atoms. The orientation 
of the block is the following: x axis is aligned with [111], y axis with [11̅0] and the z 
axis along with[112̅]. OVITO [20] was used for visualisation. Periodic boundary con
ditions were applied in the y direction; free boundary conditions were applied in z direc
tion and surface atoms in x were fixed to allow application of strain to the simulation 
block. The initial Σ3 TB structure was relaxed in LAMMPS [21] by using conjugate gra
dient methods. To initiate the nucleation of twinning disconnections, shear strain was 
applied in the z-x plane. The strain (1zx) was increased with value 1zx = 0.00007142. 
Upon applying the shear, the disconnection moved in a positive z direction. The 
embedded atom method (EAM) potential for the Cu developed by Mendelev et al. 
[22] was used to perform simulation in this work.
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Burgers circuit formulation

Instead of the solution of the F-B equation, we perform direct measurement of the dis
location content of GB by drawing of Burgers circuit. The application of this method is 
analogous to the solution of the F-B equation [15]. However, this method can be applied 
to the straight boundary as well as to the boundary with a step. In contrast, the F-B was 
derived for a straight boundary. The idea of the Burgers circuit is the following. One can 
draw a closed circuit in the crystal around the defect and compare it with an identical 
circuit drawn in the reference crystal without any defects. The circuit in the reference 
crystal can demonstrate closure failure. This closure failure corresponds to the Burgers 
vector of the dislocation inside the circuit in the faulted crystal. In general, the circuit 
can be drawn in different ways. Therefore, one has to choose some convention to be con
sistent in the definition of the Burgers vector. One of the commonly used conventions is 
the so-called right-hand/finish-start (RH/FS) convention. In this case, two rules are 
implied by the Burgers circuit construction. First, when viewing along the dislocation 
line, which defines the positive line sense or direction of dislocation, the circuit is 
taken in a clockwise manner. Second, the Burgers vector is taken to run from the end 
to the start point of the reference circuit in the perfect crystal. The result is also depen
dent on the selection of reference crystals. This selection can be done in different ways if 
the dislocation content of the GB is analysed. For instance, the ideal lattice of one of the 
adjacent grains separated by a boundary can be used as a reference. Besides, a bicrystal 
can also be considered in this role. The latter case is traditionally used for the character
isation of disconnections. It is important to be consistent in the selection of the reference 
crystal when characterising the dislocation content of the GB.

There is also another complication in reproducing the Burgers circuit in the reference 
crystal when the circuit is drawn around the GB segment. The Burgers circuit is drawn 
inside of two grains with different orientations. However, it should be reproduced in the 
reference single crystal. One has to assume some orientation relationship between both 
grains and reference lattice to be able to do this. Due to crystal symmetry, this relation
ship can be selected in various crystallographically equivalent ways. However, each selec
tion will result in a different description of the dislocation content.

In the present study, we compare the results of such analysis for two symmetrically 
equivalent descriptions of S3(111) boundary. This boundary can be equivalently 
described as either (a) 109.5°〈1̅10〉 tilt GB or (b) 70.5°〈11̅0〉 tilt GB. We will refer to 
these descriptions as Description 1 (D1) and Description 2 (D2), respectively. Besides, 
we provide comparison with the traditional analysis of Burgers circuit around disconnec
tion with using of dichromatic pattern.

Results and discussion

Dislocation content of S3(111) TB

Figure 1(a) shows a closed Burgers circuit constructed in right-hand screw sense around 
some segment of Σ3 TB with one period length. This circuit is reproduced in the refer

ence lattice in Figure 1(b) for the cases D1 and D2. The closure failure FS
→

corresponds to 
the Burgers vector contents of the boundary segments inside the Burgers circuit. The 
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observed closure failure for D1 description with 109.5°〈1̅10〉 is bD1 = 2[001̅]. The Burgers 
vector content for the periodical CTB segment is equal to 2[001̅]. Consequently, the TB 
can be represented by an array of dislocations with Burger’s vector of 2[001̅]. On the 
other hand, the Burgers vector content for the D2, i.e. 70.5°〈11̅0〉 misorientation 
is bD2 = [110]. Hence, the same CTB can be approximated by an array of dislocation 
with such Burgers vector.

Dislocation content of S3(111) TB with disconnections

The boundary begins to migrate after application of external strain to the simulation 
block. The migration is mediated by nucleation of mobile steps in the boundary. 
These steps are disconnections, i.e. interfacial defects with step and dislocation 
nature. The disconnection produces step with a height equal to one interplanar dis
tance. Such a step can glide along the interfaces under applied stress and mediate 
interface migration.

The relaxed structure of S3(111) TB with disconnections is shown in Figure 2(a). A 
closed Burgers circuit S′A′B′C′pD′E′F′ constructed around the stepped segment of the 
boundary is shown in Figure 2(a) in order to determine the Burgers vector content of 
the step. The circuit starts at point S′ and ends at point F′.

The circuit in Figure 2(a) is reproduced in the reference crystal lattice for two symme
trically equivalent Descriptions, i.e. D1 and D2 in Figure 2(b). The dislocation content 
obtained from the flat segment (Figure 1(b) for D1 and D2) and around disconnection 
(Figure 2(b) for D1 and D2) are summarised in Table 1. The Burgers vector contents 
shown in Figure 2(b) are denoted as b∗D1 and b∗D2, for D1 and D2, respectively.

It can be seen that the Burgers vector content of 1 period of perfect S3(111) CTB is 
equal to 2[001̅] and [110] for D1 and D2, respectively. The Burgers vector content 
around the step is equal to [001̅]+ 1

2 [110]
( 􏼁

and [001]+ 1
2 [110]

( 􏼁
for D1 and D2, 

respectively.

Figure 1. (a) Representation of Burgers circuits for Σ3(111) TB of Cu. The closed circuit SABCDEF is 
constructed around segment of the TB. (b) The Burgers circuits shown in (a) reproduced in the refer
ence lattice of the parent crystal (M) for two symmetrically equivalent descriptions of (a) 109.5°〈1̅10〉
tilt GB, i.e. D1 and (b) 70.5°〈11̅0〉 tilt GB, i.e. D2 for Σ3 TB, respectively.
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Therefore, it can be concluded that the Burgers vector content of steps can be 
described by dislocation contents which correspond to a combination/mixing of dislo
cations corresponding to the two descriptions of the same boundary. The step length 

Figure 2. (a) Disconnection in the S3(111) TB of Cu obtained from atomistic simulation. Burgers circuit 
(S′A′B′C′pD′E′F′) has been drawn around a one-layer step for Σ3 (111) TB. (b) The Burgers circuits 
shown in (a) reproduced in the reference lattice of the parent crystal (M) for two symmetrically equiv
alent descriptions of 109.5°〈1̅10〉 tilt GB, i.e. D1 and 70.5°〈11̅0〉 tilt GB, i.e. D2 for Σ3 TB. (c) The Burgers 
circuits shown in (a) reproduced in dichromatic pattern. The dichromatic pattern is constructed as a 
superposition of parent (black symbols) and twin (white symbols) crystal lattices. The dichromatic 
pattern can be treated as a reference state, where closure failure of the Burgers circuit can be 
observed.
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along the boundary is equal to one-half of the TB period in the [1̅1̅2] direction. Conse
quently, for D1 and D2, the mixing ratio of the dislocations corresponding to the 
different descriptions is 1

2 : 1
2, i.e. there is an equal proportion of dislocations of both 

types in assembling the disconnection step.
The Burgers vector of disconnection derived from the dichromatic pattern in Figure 2

(c) is b = 1
6 [1̅1̅2] , and the step height is equal to H =

��
3
√

a/3, where a is the lattice 
parameter.

Operating coupling modes and determining the coupling factors

Let’s calculate the possible coupling factors on the basis of the GB dislocation content 
obtained in the previous chapter. The shear s, which would be produced by migration 
of disconnection with Burgers vector b shown in Figure 2(c), is obviously

s =
b
H
=

��
2
√

2
(5) 

This value agrees with the shear observed in experiment [23]. Equation (5) yields the 
absolute value of the shear. The sign of the Burgers vector depends on the convention 
used. Consequently, the sign of shear has to be deduced from its physical meaning. 
The motion of the step in Figure 2 to the right converts the upper crystal into the 
lower one. This means that, during such a conversion, the black atoms (Figure 2(c)) 
are displaced to the left. This corresponds to a negative shear value in the upper 
crystal, i.e. b = −

��
2
√
/2.

The application of the F-B approach and the calculation of the coupling factors cor
responding to Description 1 and Description 2 of the Σ3 (111) boundary is more com
plicated. Equation (3) can be used to calculate the C.F. related to the migration of 
dislocation arrays. The result is presented in Table 2. Clearly, b for both descriptions 
do not agree with the experimental value.

Table 2. Coupling factors for different descriptions of flat Σ3(111) boundary.
D1 D2

ĥ2 [001̅] 1�
2
√ [110]

m̂K1
1�
3
√ [111] 1�

3
√ [111]

|B| 2
�
2
√

�
3
√ 2�

3
√

ĥ2.m̂K1 − 1�
3
√ 2�

6
√

Coupling factor b − 2
��
2
√ ��

2
√

|B| – Burgers vector content per unit length of GB.

Table 1. Calculated closure failure for flat Σ3 (111) TB and for disconnection step.
S3(111)

Circuit SABCDEF Circuit S′A′B′C′pD′E′F′

D1S3(111) D2S3(111) D1S3(111) D2S3(111)
bD1 = 2[001̅] bD2 = [110] b∗D1 = [001̅]+ 1

2 [110] b∗D2 = [001]+ 1
2 [110]
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However, one should consider that the dislocation content of the steps is 
[001̅]+ 1

2 [110] and [001]+ 1
2 [110] for D1 and D2, respectively. These contents can be 

interpreted as the simultaneously acting elementary coupling modes [001̅] and [110] 
(corresponding to modes of flat boundary). The produced shear s (coupling factor) is 
then the averaged coupling factor of these modes, similar to Equation (4), i.e.

s′S3(111) = b[001̅]+1
2[110] =

1
2
b[001̅] + 1 −

1
2

􏼒 􏼓

b[110] = − 0.707 (6) 

and

s′′S3(111) = b[001]+1
2[110] =

1
2

( − b[001̅] )+ 1 −
1
2

􏼒 􏼓

b[110] = 2.121 (7) 

As can be seen, the weight coefficient m = 1
2 in this case. The shear values of the two 

modes of Σ3(111) TB in Cu are summarised in Table 3. The value predicted by Equation 
(6) matches exactly with the twinning shear known from the literature [13, 23].

The prediction of shear, which is coupled with GB migration, depends on the method 
used and can yield different results. A GB can have a variety of dislocation structures 
based on the symmetry descriptions, and each structure corresponds to a specific coup
ling mode. While all modes are theoretically possible, experiments show that only one or 
a few occur. The results of the above analysis to determine the coupling factor for the 
Σ3(111) TB, shown in Table 3, illustrate the application of the criterion of the least 
amount of shear for selecting the active coupling mode.

The disconnection mechanism of the TB movement is well established; however, 
alternative mechanisms are occasionally considered. The geometrical calculation 
allows us to describe the boundary migration-shear coupling for the analysed Σ3(111) 
TB. The findings of this research demonstrated that disconnection steps gliding along 
the TB are essential to elucidating the ‘mixing’ of solutions of the F-B equation. The 
above analysis indicates that such mixing is necessary to obtain accurate coupling 
factor values.

It is reasonable to suggest that the main difference between the approaches for describ
ing boundary migration-shear coupling lies in the selection of the reference state. The 
classical disconnection approach typically assumes the bicrystal as its reference state. 
In this case, the Burgers vector content is associated only with disconnection, and the 
GB is free of dislocation content. Alternatively, when the F-B equation is applied to 
describe the dislocation content of the GB, the reference is assumed to be either the 
crystal lattice on one side of the boundary or an intermediate lattice. This selection 
leads to dislocation content existing throughout the boundary. Nevertheless, the resulting 
shear is consistent across approaches.

Table 3. Summary of coupling factor determination for Σ3(111) TB in Cu.
Burgers Vector content at steps Weighting factor m Shear

D1 D2

D1 D2 D1 D2
mD1 1 − mD1 mD2 1 − mD2 sI sII

[001̅]+ 1
2 [110] [001]+ 1

2 [110] 1
2

1
2

1
2

1
2 −0.707 2.121

The coupling factor (produced shear) that agrees the with experiment is indicated in bold.
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In previous paragraphs, the F-B and disconnection approaches were applied to a 
specific disconnection. It is worth noting that the proposed mechanism for mixing of 
F-B equation solutions by gliding the disconnection step along the boundary must 
demonstrate general applicability. One can suppose this general applicability because 
selecting different reference states does not affect the phenomenon of shear-coupled 
GB migration itself. This can be considered akin to a change of coordinate system.

It is known that multiple disconnections can exist for a given GB. For instance, one 
can have disconnections with different step heights, each giving rise to a different coup
ling factor. Consequently, an important question is whether the F-B analysis is capable of 
predicting these alternative coupling factors. Let us consider the disconnection with a 
step height twice higher than the disconnection observed in our simulations. Such a dis
connection is theoretically possible, and its properties can be analysed. Hypothetical 
configuration of such disconnection is reproduced in Figure 3. The Burgers vector of dis
connection derived from the dichromatic pattern in Figure 3 (a) is b = 1

6 [112̅], and the 
step height is equal to H = 2

��
3
√

a/3, where a is the lattice parameter. The Burgers vector 
is opposite to the Burgers vector of a one-layer step. The shear s, which would be pro
duced by migration of a two-layer disconnection with Burgers vector shown in Figure 3, 
is s = b/H =

��
2
√
/4 = 0.353. This value is half the size of the one observed experimen

tally. One might expect such a disconnection to be preferable due to lower shear. 
However, it is worth noting that according to Peierls–Nabarro theory mobility of dislo
cation is heavily dependent on the dislocation core width. In the case of disconnection, its 
core is usually localised within the step itself. A high step does not allow the core to 
spread much. Rather than the spreading of the core along the boundary, a localised nano
facet can form inside the core. This leads to the general trend that disconnections with 

Figure 3. (a) Hypothetical disconnection with step height equal to two (111) interplanar distances 
reproduced in dichromatic pattern. The grain boundary with step is marked by dashed green line. 
Burgers vector b of disconnection is marked by blue arrow. In analogy with Figure 2(c) Burgers 
circuit (S′A′B′C′pD′E′F′) can be drawn around disconnection step; (b) Burgers circuit 
(S′A′B′C′pD′E′F′) reproduced in black (parent) crystal according to Description 1 misorientation.
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higher steps are less mobile than those with lower steps. Consequently, disconnections 
with lower step are typically observed in simulations and experiment [24].

Figure 3(b) shows the Burgers circuit from Figure 3(a) reproduced in the parent 
crystal, assuming D1 misorientation. This circuit allows us to predict the Burgers 
vector content of the step as [001̅]+ 3

2 [100].
Taking into account that the projection length of the two-layer step into (111) plane is 

the same as the projection of the one-layer step, one can conclude that the proportion of 
dislocation content mixing in this case is 1:3, i.e. coefficient m in Equation (4) is equal to 
1/4. After substitution, one can get the following coupling factor:

s′S3(111) = b[001̅]+3
2[110] =

1
4
b[001̅] + 1 −

1
4

􏼒 􏼓

b[110] = 0.353 (8) 

This value is the same as that predicted by the disconnection approach, which supports 
the proposed reconciliation between the two approaches.

Summary and conclusions

The Σ3(111) TB in FCC copper was employed as a model system to compare and inter
relate different theoretical approaches describing shear-coupled GB migration. By 
comparing models, it is shown that direct determination of the GB dislocation 
content via Burgers circuit construction around both flat and stepped segments 
enables a quantitative analysis of the coupling behaviour. The dislocation content of 
the flat boundary alone is insufficient to account for the experimentally observed 
shear. However, incorporating the dislocation content of the GB step allows for accu
rate predictions. This approach links the geometric shear coupling model, based on the 
analysis of solutions of the F-B equation, with the disconnection model. The step dis
location content can be formally interpreted as a mixing of dislocation contents from 
different representations of a flat boundary. Associating this mixing with step motion 
along the TB reveals the underlying physical mechanism and enables the prediction of 
the mixing proportions.
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